Retroactve DataStructures
(extendedabstract)

Erik D. Demainé

Abstract

We introduce a new data structuring paradigmin which
operationscan be performedon a datastructurenot only
in the presentbut alsoin the past. In this new paradigm,
called retroactive data structures, the historical sequence
of operationsperformedon the datastructureis not x ed.
The data structureallows arbitrary insertion and deletion
of operationsat arbitrarytimes, subjectonly to consisteng
requirements. We initiate the study of retroactve data
structuresby formally de ning the modelandits variants.
We prove that, unlike persistenceefcient retroactvity is
notalwaysachiezable,sowe goonto presenseveralspeci ¢
retroactve datastructures.

1 Intr oduction

Supposeghatwe just discoveredthatanoperatiorpreviously
performedin a databasevaserroneouge.g.,from a human
mistale), andwe needto changethe operation.In mostex-

isting systemsthe only methodto supportthesechangess

to rollbackthe stateof the systemto beforethetime in ques-
tion andthenre-executeall of the operationgrom the mod-
i cations to the present. Suchprocessings wasteful,inef-

cient, andoften unnecessaryIn this paperwe introduce
anddevelopthe notion of retroactive data structures, which
are datastructuregthat ef ciently supportmodi cations to

thehistoricalsequencef operationgperformedonthestruc-
ture. Suchmodi cations couldtake theform of retroactvely
inserting, deleting, or changingone of the operationsper

formedat a giventime in the paston the datastructurein

question.

After de ning the model,we show thatthereis no gen-
eral ef cient transformatiorfrom non-retroactre structures
into retroactve structures. We then turn to the develop-
mentof speci ¢ retroactve structures.For someclasseof
datastructuredcommutatve andinvertible datastructures,
anddatastructuredor decomposableearchproblems)we
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presengenerakransformationso make datastructuresf -
ciently retroactve. For otherdatastructuresvherethe de-
pendeng betweenoperationss stronger ef cient retroac-
tivity requiresthe developmentof new techniques.In par
ticular, we presenta retroactve heapthat achiezes optimal
bounds.

1.1 Comparison to persistence.The idea of retroactve
datastructureds relatedat a high level to the classicnotion
of persistentiatastructurespecausehey both considerthe
notionof time, but otherwisethey differ almostentirely.

A persistentdata structuremaintainsseveral versions
of a data structure,and operationscan be performedon
one version to producea new version. In its simplest
form, modi cations canonly be madeto the last structure,
thuscreatinga linear relationshipamongstthe versions. In
full persistencg4], an operationcanbe performedon ary
pastversionto createa new version, thus creatinga tree
structureof versions. Con uently persistentstructureg5]
allow a new versionto be createdby memge-like operations
on multiple existing structuresand thus the versionsform
adirectedagyclic graph.Thedatastructuringtechniquegor
persistenceepresenasubstantiatostsavingsoverthenave
methodof maintainingseparateopiesof all versions.

The key differencebetweenpersistentand retroactve
data structuresis that, in persistentdata structures,each
versionis treatedas an unchangeablarchve. Eachnew
versionis dependenibn the state of existing versionsof
the structure.However, becausexisting versionsare never
changedthe dependenceelationshipbetweerntwo versions
neverchangesTheusercanview apaststateof thestructure,
but changesin the past state can only occur by forking
off a new versionfrom a paststate. Thus, the persistence
paradigmis useful for maintainingarchival versionsof a
structure,but is inappropriatefor when changesmust be
madedirectly to the paststateof the structure.

In contrast, the retroactve model we de ne allows
changedo be madedirectly to previous versions. Because
of the interdependencef the versions,sucha changecan
radically affect the contentsof all later versions. In effect
we sever the relationshipbetweentime as perceved by a
data structure,and time as perceved by the user of the
datastructure.Operationssuchas*Insert 42" now become



“Insertattime 10the operation’Insert42'”.

1.2 Motivation. In a real-world ervironment, large sys-
tems processingmary transactionsare commonplace. In
suchsystemgherearemary situationsvheretheneedarises
to alter the historical sequencef operationghatwere pre-
viously performedon the system. We now suggesteveral
applicationswherea retroactive approactto datastructures
would help:

Simple Error. Data was enteredwrong. The data
should be correctedand all secondaryeffects of the data
removed.

Security Breaches.Supposesomeoperationsveredis-
coveredto have beenmaliciouslyperformedby anunautho-
rizeduser It is particularlyimportantin the contet of com-
putersecurityto notonly remove themalicioustransactions,
but alsoto actasif the maliciousoperationnever occurred.
For example,if the intrudermodi ed the passverd le, not
only shouldwe restorethat le, butwe shouldalsoundolo-
ginsenabledy this modi cation.

Tainted Sources. In asituationwheredataentersasys-
temfrom variousautomatedievices,if onedevice is found
to have malfunctionedall of its transactiongreinvalid over
aperiodof time andmustberetroactively removed. For ex-
ample,in a situationwheremary temperatureeadinggrom
variousweatherstationsarereportedo acentralcomputerif
oneweatherstations sensorsarediscoseredto be intermit-
tently malfunctioning,we wish to remove all of the sensor
readingsfrom the malfunctioningstationbecausehey are
no longerreliable. Secondaneffects of the readings,such
as averageshistorical highs and lows, along with weather
predictionsmustberetroactvely changed.

Disconnection. Continuing with the weatherstation
analogyof the previousparagraphsupposehetransmission
systemfor oneweatherstationis damagedbut laterthedata
is recovered. We shouldthenbe ableto retroactvely enter
the reportsfrom the weatherstation,and seethe effects of
thenew dataon, for example the currentandpastforecasts.

Online Protocols. In a standardclient-sener model,
thesenercanbe seemasholdingadatastructure andclients
sendupdateor query operations. When the order of the
requestss important(e.g., Internetauctions) the userscan
senda timestampalongwith their requests.In all fairness,
the sener should executethe operationsin the order they
weresent. If arequests delayedby the network, it should
beretroactively executedattheappropriatdime in the past.

Settlements. In somecasest is mutually agreedupon
by the partiesinvolvedto changesomepasttransactiorand
all of its effects. We cite oneexampleof sucha settlement
and describehow the traditional methodof handingsuch
settlementsoften fails in today's systems. Supposeyou
have two chage cardsfrom one compary. When a hill
comesfrom one card, you pay the wrong account. Upon

realizing the mistale, you call customerservice and you
reacha settlemenin which the paymentis transferrednto
the correctaccount.Unfortunately the next month,you are
chageda late fee for the late paymentof the bill. You call
customerserviceagain,andthe late fee is removed as per
the previous agreement.The next month, interestfrom the
(now removed)late fee appearson the bill. Onceagainyou
mustcall customesserviceto x theproblem.Thissequence
of eventsis typical andresultsfrom the systems inability to
retroactvely changethe destinatiorof the payment.

Intentional Manipulation of the Past. In Orwell's
1984 [10], the protagonists job wasto changethe pastedi-
tionsof a newspapeto re ect thedesiresof thegovernment
to control the past. Retroactvely changingseveral docu-
mentswhile maintainingconsisteng hasmary applications,
somemoredangeroushanothers.

Dynamization. Somestatic algorithmsor data struc-
turesare constructedy performingon somedynamicdata
structurea sequencef operationgdeterminedoy the input.
For example the point-locationdatastructureof Sarnakand
Tarjan[13] consistsof performinga sequencef insertions
anddeletionsonapersistenbinarysearchree.Making such
data structuresretroactve would allow us to dynamically
modify the input by retroactvely modifying the operation
sequencethus making static algorithmsor datastructures
dynamic.

1.3 Time is not an ordinary dimension. Onemay think
thatthe problemof retroactve datastructurecanbe solved
by addingone more dimensionto the structureundercon-
sideration.For example,in the caseof a min-heap,t would
seemat rst glancethatonecould createatwo-dimensional
variantof aheapandtheproblemwouldbesolved. Theidea
is to assignthe key valuesof the itemsin the heapto the y
axisandusethe z axisto representime. In this represen-
tation, eachitem in the heapis representedby a horizontal
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Figure1: A singleinsertionof an insertionoperationin a
retroactve heapdatastructurecan changethe outcomeof
everydelete-miroperatiorandthelifespanof every element.



line sggment. The left endpointof this segmentrepresents therearetwo operationof interest:

whenanitemis insertednto the heapandtheright endpoint
representsvhentheitemis removed. If the only operations
supportedy the heapareinsert()anddelete-min() thenwe
have the additionalpropertythat thereare no pointsbelow
the right endpointof any segment, becauseonly minimal
items are removed from the heap. While this seemsto be
acleantwo-dimensionatepresentationf aheapthroughout
time, retroactvely addingandremaoving an operationin the
heapcannotsimply beimplementedy addingor removing a
line sgment.In fact,theendpointof all theseggmentscould
be changeddy insertinga single operation,asillustratedin
Figurel.

Thus,while time canbe drawvn asa spatialdimension,

that dimensionis specialin that complicateddependencies .

may exist, so that when small changesare madeto some
part of the diagram,changesmay have to be madeto the
restof the diagram. Thus, traditional geometricand high-
dimensionabatastructuresannotbe useddirectly to solve
most retroactve data-structurgproblems. New techniques
mustbeintroducedo createretroactve datastructureswith-
out explicitly storingevery stateof the structuremuchlike
Chans breakthroughdynamic corvex hull algorithm [3],
which doesnot explicitly storethe hull.

1.4 Outline. The restof the paperproceedsas follows.

In Section2, we further develop the model of retroactve

data structuresand explore the possible variants on the

model. Next, Section3 considerssome basic problems
about retroactvity, proving separationsamongthe model
variationsandproving thatautomaticef cient retroactvity is

impossiblein general.In Section4, we presentwo general
transformationgo constructan ef cient retroactve version
of adatastructurepnefor commutatveinvertibleoperations
andonefor ary decomposablsearchproblem. Finally, in

Section5, we discussspeci ¢ datastructuresfor which we

proposeto createef cient retroactve structures.Tablel in

Section5 givesa partial summaryof theresultsobtained.

2 De nitions

In this section, we de ne the preciseoperationsthat we
generallydesirefrom aretroactve datastructure.

2.1 Partial Retroactivity. Any data structural problem
can be reformulatedin the retroactve setting. In general,
thedatastructurenvolvesasequencef updatesandqueries
madeover time. We de ne thelist U = [uy,...,u,,] Of
updatesperformedon the datastructure,whereu,, is the
operatiorperformedattime¢;, andt; < ts < --- < ty,.
The datastructureis partially retroactive if, in addition
to supportingupdatesand querieson the “current state” of
the datastructure(presenttime), it supportsinsertionand
deletionof updatesat pasttimesaswell. In otherwords,

1. Inser(t,u): insertinto U a new updateoperationu at
timet (or beforeoperationu, if it alreadyexists).

2. Deletdt): deletethe pastupdateoperationu; from the
sequencé/ of updates.

Thus, the retroactve versionsof standardinser(z)
and deletdx) operations are Inser(t, “insert(z)”),
Inser(¢, “deletg(x)”), and Deletdt), where t repre-
sentsa momentin time. For example,if t; 1 < t < t;,
Inser{(t, “insert(x)”) createsa new operationu = inser{z),
which insertsa speci ed elementz, and modi es history
to supposethat operationu occurredbetweenoperations
ug;_, andu,, in the past. Informally, we aretraveling back
in time to a prior stateof the datastructure,introducingor
preventingan updateat that time, andthenreturningto the
presentime.

All suchretroactie changesn the operationahistory
of thedatastructurepotentiallyaffectall existing operations
betweenthe time of modi cation and the presenttime.
Particularly interestingis the (common)casein which local
changespropagatein effect to produceradically different
perceved statesof the datastructure. The challengeis to
realizetheseperceved differencesxtremely ef ciently by
implicit representations.

2.2 Full Retroactivity. The de nitions presentedabove
captureonly a partial notion of retroactvity: the ability to
insertor deleteupdateoperationsin the past,andto view
the effects at the presenttime. Informally, we can travel
back in time to modify the past, but we cannotdirectly
obsene the past. A datastructureis fully retroactive if, in
additionto allowing updatesn thepast,it canansweiqueries
aboutthe past. In somesensethis canbe seenasmaking
a partially retroactve versionof a persistentversionof the
original structure. Thus, the standardsearcliz) operation,
which nds an elementz in the data structure,becomes
Query(t, “searci{z)"), which nds theelement in thestate
of thedatastructureattime.

2.3 Running Times. Whenexpressingthe runningtimes
of retroactve datastructureswe will usem for the total

numberof updateperformedn the structure(retroactve or

not),r for thenumberof updatedeforewhichtheretroactie
operationis to be performed(i.e., t;—r < t < tm—rt1)s

andn for the maximumnumberof elementgresentn the
structureatary singletime. Mostrunningtimesin this paper
areexpressedn termsof m, butin mary casesit is possible
to improve the datastructuresto expressthe runningtime
of the operationsin termsof n andr, so that retroactive
operationsperformedat a time closerto presenttime are
executedfaster Theseimprovementsare not detailedhere
dueto spaceconstraints.



2.4 Consistency We assumethat only valid retroactve
operationsare performed. For example, in a retroactve
dictionary a deleték) operationfor a key k£ must always
appeamfteracorrespondingnser{(k) in thelist U; andin a
retroactve stack,the numberof pusk) operationds always
larger than the numberof pop() operationsfor ary pre x
of U. The retroactve data structureswe describein this
paperwill not checkthe validity of recursive updatesbut
it is ofteneasyto createa datastructureto verify thevalidity
of arecursve operation.

3 General Theory

The goal of this researchs to designretroactve structures
for abstractatatypeswith performancesimilarto theirnon-
retroactve counterpartsThis sectionconsiderssomeof the
mostgenerabroblemsaboutwhenthisis possible.

Unlessstatedotherwise, the resultswill apply to the
RAM modelof computatior{or Real-RAMwhenrealvalues
areused),andsometimedo the pointermodel[18] aswell.
Lower boundswill be given in the straight-line-program
model[16] or in the cell-probemodel[20].

3.1 Automatic Retroactivity. A naturalquestionin this

areais the following: is there a generaltechniquefor

corverting ary datastructurein (e.g.) the pointermachine
modelinto an efcient partially retroactve datastructure?
Sucha generatechniquewould nicely complemengxisting

methodsfor making data structurespersistent{4, 5]. As

describedn theintroduction,retroactvity is fundamentally
different from persistenceand known techniquesdo not

applyhere.

One simple approachto this generalproblemis the
rollback method. Herewe storeasauxiliary informationall
changeso thedatastructuremadeby eachoperationn such
awaythateverychangecouldbereversed For operationsn
the presentthe datastructureproceedsas normal, modulo
someextra logging. When the userrequestsa retroactve
changeat a pasttime ¢ with ¢,,,_, < t < tp—r41, the
data structurerolls back all changesmadeby operations
U, - - -, Um—r+1, thenappliesthe retroactve changeas if
it were the present,and nally re-performsall operations
Um—r+1, - - -, Um. Notice that thesere-performancesnay
act differently from how the operationswere performed
before,dependingon the retroactve change. Becausehe
changesnadeto the datastructureareboundedby thetime
takenby theoperationsastraightforvardanalysigprovesthe
following theorem:

THEOREM 3.1. Given any data structure that performs a
collection of operations each in worst case T'(n) time, there
is a corresponding retroactive data structure that supports
the same operations in O(T'(n)) time, and supports retroac-
tive versions of those operations in O(rT'(n)) time.

Therollbackmethods widely usedn databasenanage-
mentsystemgseee.g.[11]) androbust le systemdor con-
curreng controlandcrashrecovery. It hasalsobeenstudied
in the datastructurediteratureunderthe nameof unlimited
undoor backtracking [9, 19].

Of course,this result, and its extensionto operations
with nonuniformcosts,is fartoo inef cient for applications
where r can be n or even larger—the total number of
operationgerformedon the datastructure.The goalwould
be to reducethe dependencen r in the running time of
retroactve operations.We show thatthis is not possiblein
the straight-line-progranmodelof computation:

THEOREM 3.2. There exists a data structure in the straight-
line-program model, supporting O(1) time update opera-
tions, but the (partially) retroactive insertions of those op-
erations require Q(r) time, worst case or amortized.

Proof: The datastructuremaintainstwo valuesX andY,
initially 0, and supportsoperationsaddX(c) and addY(c)
which addthe valuec to thevalue X or Y, andmulXY (),
whichmultipliesY by X, andstoretheresultingvaluein Y.
Queriesreturnthevalueof Y.

Consider the sequenceof m 2n 4+ 1 opera-
tions: [addY(a,), mulXY(), addY(a,_1), mulxXY(), ...,
mulXY (), addY(ag)]. At the endof the sequenceX = 0
andY = 0. We then retroactvely insert the operation
“addX(z)" attheverybeginningof thesequenceThevalue
of Y is now ag + a1z + asz® + --- + anz™, whichis a
polynomialof degreen in z with arbitrarycoefcients. By
Motzkin'stheorem16], the computatiorof thatpolynomial
for agivenvalueof x requirest2(n) multiplications,regard-
lessof how muchpreprocessingime or spacds used.Thus
the retroactve insertionof the addX(z) operationrequires
thatmary multiplications.Becauseaheretroactve modi ca-
tion canberepeatedan arbitrarynumberof times,andeach
modi cation will have the sameworst-casdowerbound,the
lower boundalsoappliesto amortizeddatastructures. O

The straight-line-progranmodel countsonly the num-
ber of arithmeticoperationsperformedby a program. Our
lower boundthus holds in more generalmodelsof com-
putation such as the Real-RAM model or the algebraic-
computation-treenodel.

3.2 FromPartial to Full Retroactivity. A naturalgeneral
questionaboutthe two versionsof retroactvity is whether
partial retroactvity is indeed easierto supportthan full
retroactvity. In otherwords,is it easierto answerqueries
only aboutthe presentVe rst give a partialanswer:

THEOREM 3.3. In the cell-probe model, there exists a
data structure supporting partially retroactive updates in
O(1) time, but fully retroactive queries of the past require
Q(logn/loglogn) time.



Proof: The data structureis for the following problem:
maintaina set of numberssubjectto the updateinser{c),
whichaddsanumberc to theset,andthequerysum() which
reportsthe sumof all of the numbers.For this problem,the
only retroactve updateoperationsare Inser{t, “insert(c)”)
andDeletdt), whoseeffectson queriesaboutthepresentre
to addor subtracta numberto the currentaggreate. Thus,
a simple datastructuresolves partially retroactve updates
in O(1) time per operation. In contrast,to supportqueries
at arbitrary times, we needto rememberthe order of the
updateoperationsand supportarbitrarypre x sums. Thus,
we obtaina lower boundof Q(log n/ loglogn) in the cell-
probemodelby a reductionfrom dynamicpre x sums[7].
m|

On the other hand, we can shav that it is always
possible at somecost,to corverta partially retroactve data
structureinto afully retroactve one:

THEOREM 3.4. Any partially retroactive data structure in

the pointer-machine model with constant indegree, support-

ing T'(m)-time retroactive updates and @) (m)-time queries

about the present can be transformed into a fully retroactive

data structure with amortized O(y/m T'(m))-time retroac-

tive updates and O(v/m T'(m) + Q(m))-time fully retroac-

tive queries using O(mT'(m)) space.

Proof: We de ne /m checkpoints ¢4, ...,/ suchthatat

most 2,/m operationshave occurredbetweenconsecutie

checkpoints,and maintain v/m versionsof the partially

retroactve datastructureDy, ..., D =, wherethestructure
D; only containsthe updatesthat occurredbeforetime ¢;.

When a retroactve updateis performedfor time ¢, we

performthe updateon all structuresD; suchthat¢; > t.

When a retroactve query is madeat time ¢, we nd the

largesti suchthatt > t;, and performon D; all updates
thatoccurredbetweertimest; andt, and nally performthe

queryontheresultingstructure.

In orderto reducespace,we usepersistendatastruc-
tures[4]. Givenasequencef m operationsye performthe
sequencenafully persistenversionof thepartiallyretroac-
tive datastructure,andkeepa pointer D; to the versionob-
tainedafterthe rst i1/m operationdori = 1,...,+/m. The
retroactveupdatedranchoff anew versionof thedatastruc-
ture for eachof the modi ed D;. After v/m/2 retroactve
updateshave beenperformed,we rehuild the entire struc-
turein time O(mT'(m)). This will ensurethatthe number
of updatesdetweenary two checkpointds alwaysbetween
vm/2 and3y/m/2. Theresultingdatastructurewill have
the claimedrunningtimes. The fully persistentversionof
thepartially retroactve datastructureafteraretuild will use
at mostO(mT'(m)) spacebecauset canuseat mostone
unit of spacefor eachcomputationaktep. The datastruc-
turewill performatmosty/m /2 retroactve updatedetween
two rehuilds, eachusingatmostO(/m T'(m)) time andex-
tra spaceandsothe spaceusedby thefully retroactve data

structurewill neverexceedO(mT (m)).

4 Transformable Structur es

In this section,we presentsomegeneraltransformationgo
make datastructuregartially or fully retroactve for several
easyclasse®f problems.

4.1 Commutative Operations. To highlight the dif cult
caseof nonlocaleffects,we de ne thenotionof commutative
operations. A set of operationtypesis commutative if
the stateof the datastructureresultingfrom a sequencef
operationss independentf theorderof thoseoperations.

If adatastructurehasa commutatve setof operations,
performinganoperatioratary pointin the pasthasthesame
effectasperformingit in the presentsowe have:

LEMMA 4.1. Any data structure supporting a commutative
set of operations allows the retroactive insertion of opera-
tions in the past (and queries in the present) at no additional
asymptotic cost.

We saythata setof operationgs invertible if, for every
operationu, thereis anotheroperationu’ that negatesthe
effects of operationu, thatis, the sequenceof operations
[u, u'] doesnt changethe stateof the datastructure.

LEMMA 4.2. Any data structure supporting a commuta-
tive and invertible set of operations can be made partially
retroactive at no additional asymptotic cost.

For example, a datastructurefor searchable dynamic
partial sums [12] maintainsanarrayA[1..n] of valueswhere
sum(z) returnsthe sumof the rst i elementsof the array
searclfj) returnsthe smallesti suchthatsum(i) > j, and
updatéi, c) addsthe valuec to A[i]. The stateof the data
structureat thepresentimeis clearlyindependentf theor-
derof theupdateoperationssoit is commutatve. Any oper
ationupdat€i, ¢) is negatedby the operationupdatéi, —c),
sothe updatesarealsoinvertible,andso ary datastructure
for searchabledynamic partial sumsis automaticallypar
tially retroactve.

An importantclassof commutatve datastructuresare
for searching problems. The goalis to maintaina set.S of
objectsunderinsertionand deletionoperations so that we
canefciently answerueriex)(z, S) thatasksomerelation
of a new objectz with the setS. Becausea setS is by
de nition unorderedthe setof operationsfor a searching
problemis commutatve, giventhatthe deletionof anobject
is always performedafter its insertion. As long as the
retroactve updateslo notviolatethis consisteng condition,
we have:

LEMMA 4.3. Any data structure for a searching problem
can be made partially retroactive at no additional asymptotic
cost.



For example, dictionary structures,but also dynamic
corvex hull or planarwidth data structurescan be stated
as searchingproblemsand are thus automaticallypartially
retroactve. Notethattheseresultscanalsobecombinedwith
Theorem3.4to obtainfully retroactve datastructures.

4.2 Decomposable Searching Problems. A searching
problem maintainsa set S of objects subjectto queries
Q(z, S) that ask somerelationof a new objectz with the
setS. We alreadysaw in Lemma4.3thatdatastructuregor
searchingroblemsareautomaticallypartiallyretroactve. A
searchingroblemis decomposableif thereis abinaryopera-
tor O (computablen constantime) suchthatQ(z, AUB) =
0(Q(z, 4),Q(x,B)). Decomposablesearchingproblems
have beenstudiedextensiely by Bentley and Save [2]. In
particular they shav how to transforma static datastruc-
ture for sucha probleminto an ef cient dynamicone. In
this section,we shav that datastructuredor decomposable
searchingproblemscanalsobe madefully retroactve.

THEOREM 4.1. Any data structure for a decomposable
searching problem supporting insertions, deletions, and
queries in time T'(n) and space S(n) can be transformed
into a fully retroactive data structure with all opera-
tions taking time O(T'(m)) if T'(m) Q(n€) for some
e > 0, or O(T(m)logm) otherwise. The space used is
O(S(m)logm).
Proof: Every elementthat was ever insertedin the data
structure can be representecby a segment on the time
line, betweenits insertiontime and its deletiontime (or
presenttime if it wasnt deleted). We maintaina sggment
tree[1], which is a balancedbinary tree wherethe leaves
correspondo the elementarnyintervals betweenconsecutie
endpointf the segmentsandinternalnodescorrespondo
the union of the intervals of their children. Eachsegment
is thusrepresentedsthe union of O(log m) intervals, each
representelly onenodeof thetree,andeachnodeof thetree
will containthe setof segmentsit representsi-or eachnode,
we maintainthatsetin adatastructuresupportinghedesired
queries. Eachretroactve updateaffects at most O(log m)
of thosedatastructures. Given a point ¢ on the timeline,
the setof segmentscontainingthat point can be expressed
as the union of O(logm) setsfrom as mary nodes. For
a retroactve query Query(t, z), we query z in eachof the
O(logm) setsand composethe global result using the O
operatorIf T'(m) = Q(n¢), thenthequeryandupdatetimes
for a retroactve operationform a geometric progression
andthe total time is O(T'(n)), otherwise,the total time is
O(T(m)logm). O
For example,dictionaries,dynamicpoint location,and
nearest-neighboguery datastructuressolve decomposable
searchingproblemsthus canbe madefully retroactve. Of
course,in mary cases,it will be possibleto improve the
fully retroactve datastructuresobtainedthroughthe appli-

cationof Theoremd.1. For example,ary comparison-based
dictionary where only exact searchqueriesare performed
canbe madefully retroactie by storingwith eachkey the
timesat which it waspresentin the structure. Theresulting
datastructurewill useO(m) spaceandall operationsanbe
performedn O(log m) time, alogm factorimprovementn
bothtime and spaceover the straightforward applicationof
Theoremd. 1.

In other casesthough,improving upon the structures
obtainedfrom Theorem4.1 seemsrather dif cult, asis
the casefor examplewith the dictionary problemallowing
predecessoand successoqueries. Indeed,we can view
it asa geometricproblem,in which we maintaina set of
horizontalline segmentswherethey coordinateof eachline
segmentis the elements key andthe z extent of the line
segmentis the elements lifetime. A fasterretroactve data
structurewould immediatelyresultin a fasterdatastructure
for dynamic planar point location for orthogonalregions,
which may alsoplay arole in generaldynamicplanarpoint
location. In fact, this retroactve approachis hinted at as
a researchdirection for dynamic planar point location by
Snogink [15, p. 566].

5 Maintaining the Timeline

We shavedin Theorem3.2 in Section3.1 that no general
techniquecan turn every data structureinto an efcient
retroactve counterpart.This suggestshatin orderto obtain
efcient data structures,we needto study special cases
separately In this section, we shov how to construct
retroactve data structuresby maintaining a structure on
top of the sequencd/ of updateoperations(the timeline).
Tablel givesa partial summaryof our results.

In the following, we assumethat the sequencdJ is
maintainedn a doublylinked list, andthatwhena retroac-
tive operationis performedat time ¢, a pointerto the opera-
tion following time ¢ in U is provided (sucha pointercould
for examplehave beenstoredduring a previous operation).
In the casewherethe pointeris not provided, it could easily

Data Partially Fully

Structure Retroactve | Retroactve

Dictionary (exact) O(logm) O(logm)
Dictionary (successor) O(logm) O(log®m)

Queue 0(1) O(logm)

Stack O(logm) O(logm)

DEQUE O(logm) O(logm)

Union/Find O(logm) O(logm)

Priority Queue O(logm) | O(v/mlogm)

Table 1: Runningtimes for retroactive versionsof a few
commondatastructuresm is the numberof operations.



be foundin O(logm) time by maintaininga binary search
treeindexedby timeontop of U.

5.1 Queues.A queue supportstwo update operations,
enqueuér) anddequeué) andtwo queryoperationsfront()

which returnsthe next elementto be dequeuedandback()

which returnsthe last elementenqueued. Here we de-
scribetwo datastructure,one partially retroactve and one
fully retroactve, that thus supportthe update operations
Inser(t, “enqueuéz)”), Inser{t, “dequeug)”), Deletdt),

and queries,Query(t, “front()”), and Query(¢, “back()”).

The partially retroactve data structure will only allow

gueriesatthepresentime, thatis, attime ¢ = 0.

LEMMA 5.1. There exists a partially retroactive queue
data structure with all retroactive updates and present-time
queries taking O(1) time.

Proof: The datastructuremaintainsthe enqueueperations
in adoublylinkedlist, andtwo pointers: B will pointto the
last enqueuedtlementin the sequenceand F' to the next
elementto be dequeued Whenan enqueusds retroactvely
inserted,if it occursbeforethe operationpointedto by F,
we move that pointerto its predecessorWWhenan enqueue
is removed, if it occursbeforethe operationpointedby F',
we move that pointer to its successor When a dequeue,
retroactve or not, is performed,we move the front pointer
to its successorandwhena dequeuds removed, we move
the front pointerto its predecessorThe B pointeris only
updatedwhen we add an enqueueoperationat the end of
thelist. Thefront() andback() operationseturnthe items
pointedby F' and B, respectiely. |

LEMMA 5.2. There exists a fully retroactive queue data
structure with all retroactive operations taking time
O(log m) and present-time operations taking O(1) time.
Proof: We maintaintwo orderstatistictreesT, andTy,. The
treeT, storesheenqueuér) operationsortedby time, and
the T, storesthe dequeu¢) operationssortedby time. The
updateoperationscanthenbe implementedirectly in time
O(logm), wherem is the size of the operationsequence
currentlystored.

The Query(t, “front()”) operationis implementedby
queryingT; to determinethe numberd of dequeué) op-
erations performedat or before time ¢. The operation
then returnsthe item in T, with time rank d + 1. The
Query(t, “back()”) operationusest, to determinethe num-
bere of enqueué) operationghatwereperformedat or be-
fore time ¢, and simply returnsthe item in T, with time
ranke. Thus,bothqueriescanexecutedn time O(log m).

Using balanced search trees supporting updatesin
worst-caseconstant-time6], and by maintainingpointers
into the treesto the currentfront and back of the queues,
updatesand queriesat the currenttime can be supported
in O(1) time. Thusqueuesmay be madeefciently fully

retroactve without changingtheir asymptoticun-times. O

5.2 Doubly Ended Queues.A doubly ended queue
(deque)maintainsa list of elementsand supportsfour up-
dateoperationspushL(z), popL() whichinsertor deletean
elementat the left endpointof the list, pushRz), popR)),
whichinsertor deleteanelementat theright endpointof the
list, andtwo query operationdeft() andright() thatreturn
theleftmostor rightmostelementn thelist. Thedequegen-
eralizeshoththe queueandthe stack.

THEOREM 5.1. There exists a fully retroactive DEQUE
data structure with all retroactive operations taking time
O(logm) and present-time operations taking O(1) time.
Proof: In a standardimplementationof a DEQUE in an
array A, we initialize variablesL. = 1 andR = 0. Then
a pushRz) operationincrementsR and placesz in A[R],
popR) decrementsk, pushl(z) decrementd. and places
z in A[L], andpopL() incrementsL. The operationleft()
returnsA[L] andright() returnsA[R].

In our retroactve implementatiorof a DEQUE, we also
maintainZ and R: if we maintainall pushRz) andpopR()
operationsn alinkedlist U andassociataweightof +1 to
eachpushR ) operatiorandaweightof —1 to eachpopR),
then R attime ¢ canbe calculatedas a weightedsum of a
pre x of thelist upto time ¢t. The samecanbe donefor L,
maintainingthelist Uy, andreversingthe weights.

The values of the sumsfor all pre xes of Ug can
be maintainedin the modi ed (a,b)-tree of [6] with the
elementsof the list asleaves. Every nodeof the tree will
containa valuer, andthe sumof ther valuesalonga path
to a leaf will computethe sum of the pre x of Ug up to
that element. After insertingan elementwith weight ¢ in
the list andin the tree, we setthe r valuein the leaf to ¢
andwalk alongthe pathto the root, andadd ¢ to the r of
all right siblings along the path. Deletionsare processed
symmetrically

Finally, we have to describehow to extract A[:] from
the datastructure,wherei = R attime ¢. For this, we
augmeneachnodeof thetreewith two valuescontainingthe
minimumandmaximumpre x sumvaluesfor all theleaves
in its subtree Note thatthesevaluescanalsobe maintained
afterinsertionsanddeletionsby addinge to themwheneverc
is addedto ther valueof the samenode,andupdatingthem
if aninsertionoccursin their subtree.

To nd the contentsof A[i] attime ¢, we nd thelast
timet' < t whenR hadvaluei. Thiscanbedoneby nding
the lastoperationin Ug beforetime ¢, walking up the tree,
and walking back down the rightmost subtreefor which i
is betweenthe minimum andmaximumvalue. The sameis
donefor Uy,. O

5.3 Union-Find. A union- nd datastructure[17] main-
tainsanequivalencerelationon asetS of distinctelements,



that is, a partition of S into disjoint subsets(equivalence
classes)Theoperatiorcreatg¢a) createsanew element in
S, with its own equivalenceclass union(a, b) memgesthetwo
setsthatcontaina andb, and nd (a) returnsa uniquerepre-
sentatve elementfor the classof a. Note thatthe represen-
tative might be differentafter eachupdate,so the main use
of nd (a) is two determinef two elementsarein the same
class. The Union-Find structurecanbe madefully retroac-
tive, but to simplify the discussionwe replacethe nd (a)
operatiorby asameset, b) operationvhich determinesf a
andb arein the sameequialenceclass.

THEOREM 5.2. There exists a fully retroactive Union-
SameSet data structure supporting all operations in
O(logm) time.

Proof: The equialencerelation can be representedy a
forest, where eachequivalenceclasscorrespondgo a tree
in the forest. The creatéa) operationconstructsa new tree
in theforestwith auniquenodea, samesdt, b) determines
if therootof thetreesof a andb arethesameandunion(a, b)
assumes andb arenotin the sametree, setsb asthe root
of the tree that containsit, and createsan edgebetweena
andb. Suchaforestcanbe maintainedn O(logm) time per
operationusingthelink-cut treesof Sleatorand Tarjan[14],
whichmaintainaforestandsupporthecreationanddeletion
of nodesgedgesandthe changingof therootof atree.

In orderto supportretroactie operationsye modify the
above structureby addingto eachedgethe time at which it
was created. The link-cut tree structurealsoallows to nd
the maximumedgevalueon a pathbetweentwo nodes.To
determinewhethertwo nodesarein the samesetat time ¢,
we just have to verify that the maximumedgetime on the
pathfrom a to b is no largerthant. ]

5.4 Priority Queues.More sophisticatedthan queues,
stacksanddequess the priority queue, which supportsop-

erationsinser{k), which insertsan elementwith key value
k, delete-mirf) which deletegheelementwith smalleskey,

and the query nd-min () which reportsthe current mini-

mum key element. The delete-mirf) operationis particu-
larly interestingherebecaus®f its dependencen all oper

ationsin the past: which elementgetsdeleteddependson

the setof elementswhenthe operationis executed. More

preciselyit is delete-mirf) thatmakesthe setof operations
non-commutatie.

Priority queuesseem substantiallymore challenging
thangueuesandstacks. Figure 1 shavs an exampleof the
major nonlocal effects causedby a minor modi cation to
the pastin a priority queue. In particular in this example,
the lifetime of all elementschangebecauseof a single
Inser(t, “insert(k)”) operation. Such cascadingeffects
needto be succinctlyrepresenteih orderto avoid the cost
inherentin ary explicit maintenancef elementifetimes.

Withoutlossof generalitywe assuméhatall key values

insertedn thestructurearedistinct. ¢, will beusedto denote
theinsertiontime of key &, andd, its deletiontime. We write

Q; for the setof elementscontainedin the priority queue
attime ¢, andso () is the setof elementsin the queuein

the presentime. Let I>; = {k|t; > t} bethesetof keys

insertedaftertimet, andD>; = {k ¢ Qo|d > t} betheset
of keysdeletedaftertime¢.

In orderto constructa retroactve priority queue,we
needto learn more about the structure of the problem.
For this, we representa sequenceof updatesby a planar
gure wherethe z axis representgime, and the y axis
representkey values. In this representationeachitem &
in the heapis representecy a horizontal line segment.
Theleft endpoint(t, k) of this segmentrepresentsvhenan
item is insertedinto the heapandtheright endpoint(dy, k)
representsvhen the item is removed. Similarly, a delete-
min() operationis representedy a vertical ray shooting
from y = —oo and stoppingat the intersectionwith the
horizontalsegmentrepresentingheelemenit deletesThus,
inser(k) operationgpairedwith their correspondinglelete-
min() aretogethemepresentedby upside-devn “L” shapes,
andnotwo “L” intersectwhile elementsstill in thestructure
at presenttime (i.e. in Qo) arerepresentedy horizontal

15 ﬂ% 1

Figure2: The“L” representationf asequencef operations.

Oneobviousinvariantof a priority queuedatastructure
is that the number|Qo| of elementspresentin the queue
is always equalto the numberof insertsminusthe number
of delete-minoperations.Thus,whenwe addan operation
u = “insert(k)” attimet in the past,oneelementwill have
tobeaddedn @Qq. Therearetwo possibilities:if theelement
k is notdeletedbetweertime ¢t andpresentime, k£ canjust
beaddedo @¢. Otherwisetheelement is deletedoy some
operationu’ = “delete-min()”, but then the elementthat
was supposedo be deletedby «' will stayin the structure
alittle longeruntil it is deletedby someotherdelete-mirf)
operatiomrandsoon. Sotheinsertionof operationu causes
cascadef changesvhichis depictedn Figure3.

LEMMA 5.3. After an operation Insert(¢, “insert(k)”’), the
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Figure 3: The Inser{(t, “insert(k)”) operation causesa
cascadeof changesof deletiontimes, and one insertion

in Qo-

e IERIARE

Figure4: The Inser(t, “delete-mirn()”) operationcausesa
cascadef changeof deletiontimes,andonedeletionin @q.

element to be inserted in Qg is

max(k, max k')
K E€Dy

Proof: As discussedabove, the retroactie insertion will
causeseveral elementsto extendthe time they are present
in the structure. Considerthe chainof keys k < k; <
ks < --+ < k, whoselife in the structureis extended.After
theretroactve updatethe extendedpiecesof horizontalseg-
mentsarefrom (, k) to (dy, , k), from (dy,, k;) to (dg, ., , ki)
fori = 1,...,¢ — 1, and nally from (d,, k) to (0, k).
They form anondecreasingtepfunctionwhich, by construc-
tion, is not properlyintersectedy ary of the (updatedyer-
tical rays. Thekey thatwill beaddedo @)y attheendof the
retroactve updateis k,. Supposehereis akey k largerthan
k¢ in D>;. Thisimpliesthat(d;, k) is above every segment
of thestepfunction. Butthen,theverticalray from thatpoint
intersectghe stepfunction, which is a contradiction.In the
particularcasewherek is never deletedthe stepfunctionis
justonehorizontalsggmentandthe sameargumentholds.O

Note that removing a delete-mirf) operationhas the
sameeffectasre-insertingheelementhatwasbeingdeleted
atthetime of thedeletion.Sowe have:

COROLLARY 5.1. After an operation Delete(t), where the
operation at time t is “delete-min()”, the element to be
inserted in Qg is

max k'
k'€D>,

BecauseD3; canchangefor mary valuesof ¢ each
time an operationis performed,it would be quite dif cult
to maintainexplicitly. Thenext lemmawill allow usto avoid
thistask. We saythatthereis abridge attimet if Q; C Q.
Bridgesaredisplayedasdottedverticallinesin Figure2.

LEMMA 5.4. Lett' be the last bridge before ¢, then

max k' = max k

k' €Dy, k€l —Qo
Proof: By de nition of D, ary key k' in D> is notin Qo.
If the samek’ wasinsertedbeforetime ¢/, thenk’ € Qy,
but this would contradictthe factthatt' is a bridge,andso
k' € Isy — Qo. ThisshawsthatD> C Isy¢ — Qo, andso

max k'< max k'

k’EDZt - kleIZt’ —Qo

Let k maxyer, Qo k', and supposek >
maxy ep,, k'. Thisimpliesk ¢ Ds;, andsot' < d; < t.
Becauset’ wasthe last bridge beforetime ¢, d;, cannotbe
a bridge, and so thereis anotherkey k" € Qq, — Qo C
Iy — Qo, andk” > k otherwisek" would be deletedin-
steadof k. But this contradictghatk wasmaximum. O

We next study the effect of adding an operation
u = “delete-min()” attime ¢ in the past. In that case,one
elementwill have to be removedfrom ()y. Again, this op-
erationwill have a cascadingeffect: if it is notin @Qq, the
key k thatwill be deletedby operationu was supposedo
be deletedby the operationu’ at time dy, but ask is being
deletedat time ¢ by u, the operationu’ will deletethe next
key up,andsoon. SeeFigure4.

LEMMA 5.5. After an operation Insert(¢, “delete-min()”),
the element to be removed from Qg is

min k

EEQy
where t' is the first bridge after time t.
Proof: Considerthechainof keysk; < ko < --- < kg < k
whoselife in the structureis shortenedwith k; € D>, and
k € Qo. After theretroactve update the shortenedpieces
of horizontal sggmentsare from (¢, k1) to (dg,, k1), from
(dg,_,, ki) to (dy,,k;) for i 2,...,¢, and nally from
(dg,, k) t0 (0, k). First,it mustbeclearthatthereis abridge
atdy, becausehereis nokey smallerthank in Qq,, , andall
keyslargerthank in Qdke arealsoin g becausé € Q. So
we justhaveto shaw thatthereis nobridget” betweertimes
t anddy,. For this we obsenre thatthe shortenedsegments



attimest” € [t,d,) form astepfunction,andthatnoneof
thekeys k; correspondingo the stepsarein ), but they are

in Q. O
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Because@emoving an“insert(k)” operationfrom time ¢  Particular, Lopez-Ortiz [8] considered some related notions.

has the sameeffect as adding a “delete-mir()” operation
directly afterit, we alsohave:

COROLLARY 5.2. After an operation Delete(t) where the
operation at time ¢ is u; = “insert(k)”, the element to be
removed from Qg is k if k € Qq; otherwise, it is

min k'
k' €Q,:

where t' is the first bridge after time ¢.

Again,becausave don't explicitly maintaing@, for all ¢,
we easethe computatiorby usingthat,if ¢’ is a bridge,then

Qu = I<y N Qo.

THEOREM 5.3. There exists a partially retroactive priority
gueue data structure with all retroactive updates taking time
O(log m) and present-time queries taking O(1) time.

Proof: Thehistoryof all updateoperationsgs maintainedn
adoublylinkedlist, andthedatastructurewill alsoexplicitly

maintainthe set@q in a binary searchtree,andassociating

with eachkey a pointer to its insert operationin the list.
After eachretroactve update,an elementwill be inserted
or deletedfrom ¢ accordingto the rules describedn the
lemmasabove. In orderto decidewhich elemento insertor
deletewe needo beableto performtwo typesof operations:

A. nd thelastbridgebeforet or the rst bridgeaftert;

B. nd the maximumkey in I>y — (Yo or the minimum
key in I<y N Qo.

If we maintainthe list of updates.assigninga weight
of 0 to inser(k) operationswith k¥ € Qq, +1 to inser(k)
with k& ¢ Qo, and —1 to delete-mir{) operations,every
bridgecorrespondso apre x with sum0. So,usingthedata
structureusedin Theorenb.1, we cananswetthe queriesof
type A in O(logm) time. Becauseevery retroactve update
addsor deletesat most one elementfrom )¢, only one
weight changehasto be performedin the structure,which
alsotakesO(log m).

If we maintainthe list of insertionsaugmentedy the
modi ed (a,b)-tree of [6], and storein eachinternalnode
the maximumof all keys in its subtreewhich areabsentn
Qo, we caneasily nd the maximumkey in Iy — Qo in
O(logm) time by walking down thetree. Theminimumkey
in I<yy N Qo can also be maintainedif we storein every
internal node of the tree the minimum of all keys in its
subtreewhich arein ). Thosevaluescanbe maintained
in O(logm) time perretroactie updatebecaus@achupdate
changest mostoneelementof Q. O
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