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Abstract

The restriction sca®old assignment problem takes as input two ¯nite point sets S and T

(with S containing more points than T) and establishesa correspondencebetweenpoints in S

and points in T, such that each point in S maps to exactly one point in T, and each point in T

mapsto at least onepoint in S. In this paper we present an algorithm that ¯nds a minimum-cost

solution for this problem in O(n logn) time, provided that the points in S and T are restricted

to lie on a line (linear time, if S and T are presorted). This improvesthe previously best-known

O(n2)-time algorithm for this problem.

1 In tro duction

Consider two ¯nite sets of points, a source set S and a target set T, with the cardinalit y of S

greater than the cardinalit y of T, and total cardinalit y n. The objective of the restriction sca®old

assignmentproblem is to establish a correspondencebetweenthe points in S and the points in T,

such that each point in S corresponds to exactly one point in T, and each point in T corresponds

to at least one point in S. This correspondenceis measuredby a cost function ± that assignsa

cost ±(s; t) to each assignedpair (s; t). The cost of an assignment is the sum of the costs of all

assignedpairs. The goal of this assignment problem is to ¯nd an assignment of minimum cost.

This assignment problem is also known as the many-to-one assignmentproblem. The one-to-one

version of this problem requires that each point in S be assignedto at most one point in T and

each point in T be assignedexactly one point from S. Finally, the many-to-many version requires

that each point in S and T be assignedat least one point in the other set. This latter version is

also known as the minimum-cost edge-covering problem.

The simplest versionof the assignment problem assumesthat the points in S and T lie on a line

and the cost function is the distance betweenpairs of points in the L 1 metric. In this setting, the

one-to-oneassignment problem has a simple O(n logn)-time solution when jSj = jT j: ¯rst sort the
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points in O(n logn) time, then assignthe k th point in S to the kth point in T in O(n) time [6], [16].

However, the situation jSj > jT j arisesin many practical applications, someof which we mention

below. This situation was ¯rst addressedby Karp and Li [11], who provided an O(n logn)-time

algorithm for the one-to-oneassignment problem (linear time, if S and T are given in sorted order).

Simpler and equally e±cient solutions have later beenprovided in [1, 4, 18].

The many-to-one assignment problem, or simply the assignment problem, appears in compu-

tational biology as the restriction sca®old assignment [3]. The goal here is to establish a cor-

respondencebetween sparseexperimental data (set S) and a restricted set of known structural

building blocks (set T). Ben-Dor et. al. [3] modeled the restriction sca®oldassignment as an as-

signment problem for points on a line, and suggestedan O(n logn)-time algorithm to solve this

problem. However, Colannino and Toussaint [5] showed that this algorithm sometimes fails to

yield a minimum-cost assignment. Thus, the best existing solution to this problem is the O(n2)

algorithm given in [5]. In this paper we improve this result to O(n logn) for an arbitrary ordering

of the input, and O(n) if the input is in sorted order.

Eiter and Mannila [8] studied the assignment problem in the context of measuringthe distance

between two theories expressedin a logical language. They showed that for points in arbitrary

dimensions,this problem has an O(n3)-time solution that usesthe Hungarian method [13]. When

the points are restricted to a line, a minimum-cost assignment can be used in measuring the

similarit y between musical rhythms. In this context, Toussaint [17] proposedthe use of the swap

distance as a similarit y measurewhen S and T have equal cardinalities. For the caseof unequal

cardinalities he generalizedthe swap distanceto the directed swapdistance, wherethe \direction" of

the assignment (surjection) is from the larger set (S) to the smaller set (T). This similarit y measure

has since been successfullyapplied to a phylogenetic analysis of Flamenco metric patterns [6]. If

the onsets of a rhythm are represented as points on a line separated by \silence" intervals, the

directed swap distance betweentwo rhythms represented by the setsS and T is precisely the cost
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of an optimal assignment betweenS and T, with underlying cost function L 1.

Related to these problems, the many-to-many assignment problem is a restricted version of

bibranchings ¯rst intro duced by Schrijv er [14]. Let D = (V; E) be a directed graph, and let V be

partitioned into two disjoint sets, the source vertices S and the target vertices T. A bibranching in

D with respect to S is a set of edgesB in E such that:

for each v in S, B contains a directed path from v to a vertex in T, and

for each v in T, B contains a directed path from a vertex in S to v.

For the special casewhen D is a bipartite graph with color classesS and T, and all the edgesin D

are directed from S to T, the bibranching is a bipartite edge cover. Keijsper and Pendavingh [12]

describe an O(jE j)-time algorithm attributed to J. F. Geelen for reducing the minimum-cost bi-

partite edgecover problem to the maximum-cost matching problem. They also describe a solution

for the latter problem that usesshortest path algorithms from [7] and [15] sped up with Fibonacci

heaps[9]. Their algorithm runs in time O(n0(jE j + n logn)), where n0 = min fj Sj; jT jg; this com-

plexity is O(n3) in the worst case,matching the complexity of the approach of Eiter and Mannila.

See[2, 10] for a survey on matching algorithms.

In this paper, we show that the many-to-one assignment problem with underlying cost function

L 1 in one dimension can be solved in O(n logn) time (O(n) time, if S and T are given in sorted

order). Our algorithm is a simple extension of the O(n logn)-time algorithm of Karp and Li [11]

for ¯nding a minimum-cost one-to-oneassignment.

2 Preliminaries

Let S = f s0; s1; s2; : : :g and T = f t0; t1; t2; : : :g be two ¯nite setsof points that lie on a horizontal

line, with jSj + jT j = n and jSj > jT j. For any s 2 S and t 2 T, the cost ±(s; t) of an assigned

pair (s; t) is the absolute value of the di®erencebetween the x-coordinates of s and t. To avoid
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overloading the notation, we usethe samesymbol for a point and its x-coordinate. Thus, ±(s; t) =

js ¡ t j. We assumethat si < si +1 ; 0 · i < jSj ¡ 1 and t j < t j +1 ; 0 · j < jT j ¡ 1.

An assignment A between S and T consists of pairs of points (s; t) (henceforth edges), with

s 2 S and t 2 T, such that each point in S belongsto exactly one edgein A , and each point in T

belongsto at least one edgein A . The cost of A is

cost(A ) =
X

(s;t )2A

±(s; t)

Our goal is to ¯nd an assignment A of minimum cost. If two points in S [ T have the samex-

coordinate, we can slightly shift one of them to the left or right. If the minimum-cost assignment

is unique and the changeis su±ciently small, this changewill not a®ectthe optimal assignment. If

there are several assignments with the sameoptimal cost, at least one of them will be the optimal

solution of the new point set. So we may assumewithout lossof generality that all points in S [ T

are distinct.

For any s 2 S and t 2 T, the value js ¡ t j can be expressedin a di®erent way as follows. De¯ne

a function f s;t to be 1 in the interval betweens and t and 0 at any other point (seeFigure 1). Then

js ¡ tj =
R+ 1

¡1 f s;t (x)dx.

ts
y=0

y=1

Figure 1: Function f s;t . Shadedarea represents the cost js ¡ t j.

The cost of an assignment A is therefore

cost(A ) =
X

(s;t )2A

Z + 1

¡1
f s;t (x)dx =

Z + 1

¡1

X

(s;t )2A

f s;t (x)dx
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If we de¯ne

f A (x) =
X

(s;t )2A

f s;t (x)

then the value f A (a) is simply the number of edgesin A piercedby the vertical line x = a, and the

cost of A is

cost(A ) =
Z + 1

¡1
f A (x)dx (1)

Our de¯nition of f A is similar in nature to the height function H : R ! Z intro duced by Karp

and Li [11]. Informally , they de¯ne H (a) at each point a as the di®erencebetweenthe number of

points in S and the number of points in T restricted to the interval (¡1 ; a] (or equivalently , to

the left of the vertical line x = a). Thus H remains constant throughout each interval that does

not contain a point in S [ T. Figure 2 shows the stair-shaped curve of H for a small example.

Note that up transitions in the curve correspond to points in S and down transitions correspond

to points in T. We refer to the value H (x) as the height of x. Note that H (1 ) = jSj ¡ jT j.

0

12
108

2

1

11

15

14

64

3 13
16 17

Figure 2: Height function for setsS = f 0; 3; 4; 6; 13; 14; 15; 16g and T = f 1; 2; 8; 10; 11; 12g.

Lemma 1 If jSj = jT j, then
R+ 1

¡1 jH (x)j dx is the cost of the assignment that assigns the k th

largestelement of S to the k th largestelement of T.

Pro of: Follows immediately from (1) and the fact that, for this particular assignment, f A (x) =

jH (x)j at each point x.

Figure 3a shows an assignment for two setsS and T, with jSj = jT j. The cost of this assignment is

equal to the area shadedin Figure 3b, which is precisely the value of the integral
R+ 1

¡1 jH (x)j dx.
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Figure 3: (a) One-to-oneassignment for setsS = f 0; 4; 6; 13; 14; 16g and T = f 1; 2; 8; 10; 11; 12g (b)
Shadedarea represents the cost of the assignment.

3 Prop erties of a Minim um Cost Assignmen t

Our algorithm for computing a minimum-cost assignment A exploits several important properties

of A , which we discussnext. A crossing is de¯ned by a pair of edges(a;d) and (b;c) such that

a < b in S and c < d in T.

Lemma 2 There exists a minimum-cost assignmentwith no crossings.

Pro of: Let A be a minimum-cost assignment between S and T with a minimum number of

crossings. If A has zero crossings,the proof is ¯nished. Otherwise, pick two crossingedges(a;d)

and (b;c) in A , with a < bin S and c < d in T. Weshow that A 0 = Anf (a;d); (b;c)g[ f (a; c); (b;d)g is

an assignment with cost(A 0) · cost(A ), a contradiction. In particular, weshow that f A 0(x) · f A (x)

at each point x; then cost(A 0) · cost(A ) follows immediately from (1).

First note that f A 0(x) · f A (x) is true for any x such that the vertical line L at x intersects

neither of (a; d) and (b;c). Supposenow that L intersects(a; c). Then L must also intersect either

(a;d) (seeFigure 4a) or (b;c) (seeFigure 4b) or both (seeFigure 4c). Similarly, if L intersects(b;d),

then L also intersectsat least one of (a;d) and (b;c). Furthermore, if L intersectsboth (a; c) and

(b;d), then L also intersects both (a;d) and (b;c) (seeFigure 4c). It follows that f A 0(x) · f A (x).
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L dc

a b
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(a) (b) (c)

Figure 4: (a) Vertical line L intersects (a; c) and (a;d) (b) L intersects (a; c) and (b;c) (c) L
intersects (a; c), (b;d), (a; d) and (b;c).

An assignment A can also be regarded as a function A : S ! T such that A (s) = t for each

(s; t) 2 A . For any t 2 T, let A ¡ 1(t) denote the set of elements s 2 S such that A (s) = t. For each

point s 2 S, de¯ne the nearest neighbor N (s) to be point in T closestto s, i.e, jN (s) ¡ sj · jt ¡ sj for

any t 2 T. In the caseof a tie, N (s) is arbitrarily picked from among the two candidate neighbors.

Lemma 3 Let A be optimal and let t 2 T be such that A ¡ 1(t) contains two or more elements.

Then for each s 2 A ¡ 1(t), t is a nearest neighbor of s. Furthermore, T contains no points in

between s and t.

Pro of: Assume to the contrary that there is s 2 S with A(s) = t; jA ¡ 1(t)j > 1; and N (s) 6= t.

Refer to Figure 5. De¯ne a newassignment A 0with A 0(s) = N (s) and A 0(x) = A(x) for x 6= s. Note

that A 0 is also an assignment: A ¡ 1(t) contains at least one point. Also cost(A 0) = cost(A ) ¡ js ¡

t j + js¡ N (s)j (seeFigures 5a and 5b). Sincejs¡ N (s)j < js¡ t j, it follows that cost(A 0) < cost(A ),

t

s
S

T
N(s) t

s
S

T
N(s)

(a) (b)

Figure 5: (a) Assignment A with A(s) 6= N (s) (b) Assignment A 0 with A 0(s) = N (s)

contradicting the fact that A is of minimum cost. Thus, t is a nearestneighbor of s.

The claim that T contains no points in between s and t is immediate: if such a point t1 2 T

existed, then js ¡ t1j < js ¡ t j, contradicting the fact that N (s) = t.
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Observe that for any subsetR ½ S of sizejRj = jSj¡ jT j, there is a unique minimum-costassignment

(with no crossings)from S n R to T. Let A SnR denote the edgesof such an assignment, and de¯ne

a new assignment A R : S ! T as follows:

A R (x) =

8
>>>><

>>>>:

N (x) if x 2 R,

y if x 2 S n R and (x; y) 2 A SnR

(2)

Lemma 3 implies that there always exists a subset R such that A R de¯nes a minimum-cost as-

signment from S to T. Furthermore, R satisfy a special height condition, stated in the lemma

below.

Lemma 4 There exists a subsetR ½ S with jRj = jSj ¡ jT j such that A R de¯nes a minimum-cost

assignmentfrom S to T, and the k th smallest element of R has height k.

Pro of: Let A : S ! T de¯ne a minimum-cost assignment. We prove the existenceof A R

by constructing a set R ½ S with the properties stated in this lemma. Initially R is empty. If

jA ¡ 1(t)j = 1 for all t 2 T, then R is empty and the proof is ¯nished. Otherwise, we processpoints

t 2 T for which A ¡ 1(t) has two or more elements. For each such point we consider two cases,as

depicted in Figure 6. If all points in A ¡ 1(t) are lessthan t, then we add to R all but the largest

(rightmost) point in A ¡ 1(t) (seeFigure 6a). Otherwise, we add to R all points in A ¡ 1(t) except

for the smallest (leftmost) point greater than t (seeFigure 6b).

We now de¯ne AR as in (2). Since A R is identical to A , A R is a minimum cost many-to-one

assignment from S to T.

It remains to show that the k th smallest element of R has height k. To seethis, ¯rst consider

the smallest element of a nonempty set A ¡ 1(t) \ R. Call this element r and supposeit is the k th

smallest element of R. It follows then that (i) R contains k ¡ 1 points lessthan r , and (ii) T and

S n R contain an equal number of elements lessthan r . This latter claim follows from Lemma 3,
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t

S

T

Insert in R

t

S

T

Insert in R

(a) (b)

Figure 6: (a) All points in A ¡ 1(t) are lessthan t. (b) Somepoints in A ¡ 1(t) are greater than t.

which tells us that T contains no elements in betweenr and t, and the following observation: the

way in which we have selectedR ensuresthat if t lies to the left of r (i.e., t < r ), the assigneditem

for t in S=R lies to the left of r , and if t lies to the right of r (t > r ), the assigneditem for t in S=R

lies to the right of r . Thesetogether imply that H (r ) = k.

We now show that the points in A ¡ 1(t) n f r g have height valuesk + 1; k + 2; : : :, in order from

smallest to largest. By Lemma 3, T contains no points in between s and t, for each s 2 A ¡ 1(t).

Then the points in R \ A ¡ 1(t) have incrementally increasing height values. It follows that the

height of the kth smallest element of R is k.

Let HR represent the height function restricted to sets S n R and T. This means that for each

x, HR (x) is the di®erencebetween the number of points in S n R and the number of points in T

restricted to the interval (¡1 ; x].

Lemma 5 The cost of assignmentA R is

X

r 2 R

jr ¡ N (r )j +
Z + 1

¡1
jHR (x)jdx (3)

Pro of: By Lemma 1 we have that the contribution of S n R to the cost of A R is
R+ 1

¡1 jHR (x)jdx.

Since each point in R maps to its nearest neighbor, the contribution of R to the cost of A R is

P
r 2 R jr ¡ N (r )j. Thesetogether concludethe lemma.
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Theorem 6 Let R ½ S be a subsetof size jRj = jSj ¡ jT j with two properties:

i. The kth smallest element of R has height k.

ii. R minimizes the quantity from (3).

Then A R de¯nes a minimum-cost assignmentfrom S to T.

Pro of: By Lemma 4, we know that there exists a set R that satis¯es (i) . By Lemma 5, R satis¯es

(ii) . It follows that A R is a minimum-cost assignment from S to T.

4 Computing a Minim um Cost Assignmen t

Theorem 6 givesan exact description of the set R that yields a minimum-cost assignment A R . We

now turn to the problem of e±ciently determining this set. With this goal in mind, we intro duce

the following notation. For any point x and any integer k, de¯ne the relative height of x with

respect to k as

hk (x) =

8
>><

>>:

1, if H (x) ¸ k

¡ 1, if H (x) < k

Observe that when a point s is removed from S, H (x) decreasesby 1 for all x > s. Supposethat

H (s) = k, and let m be the largest point in S [ T. The removal of s causesthe area under the

height function betweens and m to decreaseby the quantit y
Rm

s hk (x)dx. We usethis observation

to de¯ne the pro¯t of removing s from S and placing it in R (recall that A R assignseach item in

R to its nearestneighbor), as follows:

P(s) =
Z m

s
hk (x)dx ¡ js ¡ N (s)j (4)

The pro¯t function quanti¯es the bene¯t of placing s in R, the goal being to minimize the cost

of the assignment de¯ned by A R . The integral term in (4) represents the e®ectof excluding s from
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Figure 7: A depiction of the integral
Rm

s hk (x)dx for s = 4. The integral represents the e®ectof
excluding 4 from the one-to-oneassignment from S to T.

the one-to-oneassignment from S n R to T, as depicted in Figure 7. The term js ¡ N (s)j in (4)

represents the cost of assignings to its nearestneighbor. We minimize the cost of the assignment

de¯ned by A R by choosing items s that maximize P(s). This is formalized in the following lemma.

Lemma 7 Let R ½ S be a set with elementsr 1 < r2 : : : < r jSj¡j T j such that H (r k ) = k and r k

maximizesP(s) among all points s 2 S of height k. Then R minimizes

X

r 2 R

jr ¡ N (r )j +
Z + 1

¡1
jHR (x)jdx

Pro of: Karp and Li [11] proved that any set R of size jSj ¡ jT j whosek th smallest element has

height k satis¯es the equality

Z + 1

¡1
jHR (x)jdx =

Z m

0
jH (x)jdx ¡

X

r 2 R

Z m

r
hk (x)dx

Summing up the cost contribution of R to both sidesof the equality yields

X

r 2 R

jr ¡ N (r )j +
Z + 1

¡1
jHR (x)jdx =

X

r 2 R

jr ¡ N (r )j +
Z m

0
jH (x)jdx ¡

X

r 2 R

Z m

r
hk (x)dx

This is equivalent to

X

r 2 R

jr ¡ N (r )j +
Z + 1

¡1
jHR (x)jdx =

Z m

0
jH (x)jdx ¡

X

r 2 R

P(r )
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Since P(r k ) is maximized at each height k and there is only one element in R at each height, we

have that R maximizes
P

r 2 R P(r ), which in turn minimizes

X

r 2 R

jr ¡ N (r )j +
Z + 1

¡1
jHR (x)jdx

as required (refer to Lemma 5).

The following algorithm usesthe preceding lemma to determine the optimal set R, and then

compute the minimum-cost assignment.

4.1 The Assignmen t Algorithm

Initially R is the empty set.

1. Sort S and T.

2. Calculate H (x) for each x 2 S [ T. In betweenconsecutive points, H is constant.

3. Calculate P(s) for each s 2 S.

4. For k = 1; 2; : : : jSj ¡ jT j

4.1 Find the leftmost point r k of height k that maximizes P(r k ).

4.2 Add r k to R.

5. Return A R .

Lemma 8 The assignmentalgorithm computesa minimum-cost assignmentfrom S to T.

Pro of: Let r k be the element of R of height k returned by the algorithm. If we show that

r1 < r2 < : : : < r jSj¡j T j , then it follows by Lemma 7 that A R is a minimum-cost assignment. We

prove below, by contradiction, that indeed r 1 < r2 < : : : < r jSj¡j T j .

13



Let m be the largest point in S. Assume that there exists somek(1 · k · jSj ¡ jT j ¡ 1) for

which the algorithm returns r k and r k+1 , with r k > r k+1 . Let sk be the maximal element at height

k in S n R which is lessthan r k+1 . By continuit y, such an sk must exist. Similarly, let sk+1 be the

minimal element at height k + 1 in S n R which is greater than r k . Such an sk+1 must exist since

the height at 1 is H (1 ) = jSj ¡ jT j. Refer to Figure 8.

kr

k+1r k+1s

ks kh  (x) > 0 k+1h     (x) < 0

Figure 8: sk (sk+1 ) is the closestpoint at height k(k + 1) to the left (right) of r k+1 (r k ).

SinceH (r k+1 ) = H (sk+1 ) and r k+1 < sk+1 , we have that

Z m

r k +1

hk+1 (x)dx =
Z sk +1

r k +1

hk+1 (x)dx +
Z m

sk +1

hk+1 (x)dx

From this and equation (4), we can derive the following relation between the pro¯t functions of

r k+1 and sk+1 :

P(r k+1 ) = P(sk+1 ) +
Z sk +1

r k +1

hk+1 (x)dx ¡ jr k+1 ¡ N (r k+1 )j + jsk+1 ¡ N (sk+1 )j (5)

Note that equality (5) is the result of breaking up the integral corresponding to P(r k+1 ) into two

parts, and taking into account the distance from each element to its nearest neighbor. Similarly,

we can derive the following relation betweenP(r k ) and P(sk ):

P(sk ) = P(r k ) +
Z r k

sk

hk (x)dx ¡ jsk ¡ N (sk )j + jr k ¡ N (r k )j (6)

The nearestneighbor of sk cannot be farther than N (r k+1 ). This translates into:

jsk ¡ N (sk )j · jr k+1 ¡ N (r k+1 )j + jsk ¡ r k+1 j

14



Also note that hk (x) is positive on the interval (sk ; r k+1 ), which allows us to rewrite the previous

equation as:

jsk ¡ N (sk )j · jr k+1 ¡ N (r k+1 )j +
Z r k +1

sk

hk (x)dx (7)

Similar arguments lead to the following relationship betweennearestneighbors of r k and sk+1 :

jr k ¡ N (r k )j ¸ jsk+1 ¡ N (sk+1 )j +
Z sk +1

r k

hk+1 (x)dx (8)

Finally, on the interval (r k+1 ; r k ) note that

Z r k

r k +1

hk+1 (x)dx ·
Z r k

r k +1

hk (x)dx (9)

Let M k = jsk ¡ N (sk )j ¡ jr k ¡ N (r k )j. Simple arithmetic that involvesinequalities (7), (8) and (9)

yields
Z r k

sk

hk (x)dx ¡ M k ¸
Z sk +1

r k +1

hk+1 (x)dx + M k+1

This along with (5) and (6) implies that

P(sk ) ¡ P(r k ) ¸ P(r k+1 ) ¡ P(sk+1 )

Since r k+1 was picked by the assignment algorithm, we have that P(r k+1 ) ¸ P(sk+1 ). This

implies that P(sk ) ¸ P(r k ), but sincesk lies to the left of r k , the assignment algorithm would have

picked sk instead of r k , a contradiction.

4.2 Complexit y Analysis

Sorting in step 1 takes O(n logn) time. All other steps run in O(n) time. The only steps where

this is not obvious are steps2 and 3 that involve computing H (x) and P(x) respectively. H (x) can
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be computed for all s 2 S by conducting a sweepof the sorted points in S [ T, adding one when

we encounter an element of S and subtracting one when we encounter an element of T.

Sinceall nearestneighbors of the elements of S can easily be computed in linear time, to show

that we can compute the pro¯t function for all elements of S in linear time we concern ourselves

only with computing the integral of relative height function hk . This integral can be computed in

linear time for all points in S at height k in a sweepfrom right to left. For the rightmost element

sr of S at height k
Rm

sr
hk (x)dx = jsr ¡ mj, where m is the largest point in S. Supposethat we

know
Rm

s hk (x)dx for someitem s at height k. Let s0 < s be the largest element in S also at height

k, and let t < s be the largest element in T at height k. Note that by continuit y, t exists and must

be greater than s0. Also note that hk (x) is positive for all s0 · x · t, and hk (x) is negative for all

t < x < s. Thus we can derive the following equation:

Z m

s0
hk (x)dx =

Z m

s
hk (x)dx + js0¡ t j ¡ jt ¡ sj (10)

This value can be computed in constant time for each s0 2 S. Thus we can compute P(s) for all

s 2 S in linear time.

It follows that the assignment algorithm runs in O(n logn) time. Furthermore, if S and T are

given in sorted order, the assignment algorithm runs in O(n) time.

5 Conclusion

We have shown that the one-to-oneassignment algorithm in [11] can be extended to produce a

minimum-cost many-to-one assignment. The algorithm runs in O(n logn) time, if the input points

are given in arbitrary order, and in O(n) time, if the input points are presorted. To our knowledge,

this is the ¯rst solution to the assignment problem that achievesthis time complexity.
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