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Abstract. We present a new priority queue data structure, the queap,
that executes insertion in O(1) amortized time and extract-min in
O(log(k + 2)) amortized time if there are k items that have been in
the heap longer than the item to be extracted. Thus if the operations
on the queap are first-in first-out, as on a queue, each operation will
execute in constant time. This idea of trying to make operations on the
least recently accessed items fast, which we call the queueish property,
is a natural complement to the working set property of certain data
structures, such as splay trees and pairing heaps, where operations on
the most recently accessed data execute quickly. However, we show that
the queueish property is in some sense more difficult than the working
set property by demonstrating that it is impossible to create a queueish
binary search tree, but that many search data structures can be made
almost queueish with a O(loglogn) amortized extra cost per operation.

1 Introduction

Self adjusting data structures are those structures that use a simple restructuring
heuristic to implement their operations, and forgo any use of explicit balance
information. Examples of self adjusting structures include the splay trees[14],
pairing heaps[6] and skew heaps[15]. These structures share many of the per
operation runtimes as the corresponding best comparison based structures in
the amortized sense, while using less memory and being significantly easier to
code. For example, splay trees execute k insert, delete, and search operations on
a tree of size at most n in time O(k logn), which is the same as for AVL trees[1],
or any of the other balanced binary search trees.

However, self adjusting data structures do more than just match the existing
performance of their non-self adjusting counterparts; they are able to execute
many seemingly natural classes of searches in time much faster than in O(logn)
time. Currently, there exists no complete analysis of splay trees, instead their
runtime is characterized by several different theorems, none of which imply all of
the others: The static optimality theorem, the static finger theorem, the working
set theorem (all from [14]), the sequential access theorem [16,17], the dynamic
finger theorem [2, 3] and the key-independent optimality theorem [11]. Each of
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these theorems targets a seemingly natural class of sequences of searches, and
shows how these desirable classes of sequences run in o(logn) amortized time per
operation. These theorems have been joined by a number of conjectures about
the runtime of splay trees: most notably the dynamic optimality conjecture [14]
and the unified conjecture [10].

The splay tree theorems and conjectures, although intended to merely bound
the runtime of splay trees, can be viewed as characterizations of distribution
sensitive behavior that can be used in a much broader context. These properties
thus deserve study in their own right, as studying these properties gives us insight
into the possibilities and limitations of classic comparison based data structures.
Recent work has established the relationships amongst the known properties,
thus establishing a hierarchy of properties [10]. New data structures that are,
in some ways, advantageous to splay trees have been engineered from several of
the properties. Still other work has applied the properties, which were originally
formulated for use in analyzing dictionaries, to heaps [9], planar point location
[7] and point searching [4].

The properties that splay trees have, and are conjectured to have, show
that splay trees execute many “natural sequences” quickly. In this paper we ask
the intentionally vague question “Do splay trees execute all natural sequences
quickly?” The answer is no, as we show that there is a class of sequences of
operations that can be executed on a queue in constant time per operation that
requires £2(logn) to execute on splay trees, and, in fact any binary search tree.

We introduce a new property, which we call the queueish property. As this
property is a variant of the working set property of splay trees, we present the
working set property first: The working set property of splay trees states that
the time to search item z is O(lgw(z))!, where w(z) is the number of distinct
items that have been accessed (an access is a search or an insert) since z’s last
access. Informally, in a data structure with the working set property, accesses
to items recently accessed are faster than accesses to items that have not been
accessed in a while. The queueish property states the complementary idea that
in any structure with this property, an access to x is fast if  is one of the least
recently accessed items. Formally, a data structure is said to be queueish if the
time to search item z is O(lg ¢(z)), where ¢(z) = n — 1 — w(x) is the number
of distinct items that have not been accessed since z’s last access, and n is
the number of elements in the data structure. Any structure with the queueish
property can execute any repeated sequence of n distinct search operations in
constant time per operation. The queueish property is seemingly as natural as the
working set property, yet we prove in section 5 that splay trees, and in fact any
binary search tree structure cannot have the queueish property. More precisely,
we show that an amortized lower bound of {2(logn) per access on a binary search
tree still holds even when ¢(z) = 0 for every element accessed. We do however
provide a general transformation in Section 4 that turns many data structures,
including any standard dynamic dictionary and a point location data structure,
into one with the queueish property at a cost of an additional O(lglgn) time per
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operation. This transformation produces a data structure which is not a binary
search tree, and so does not contradict our previous statement.

We also present a positive result for priority queues. We say that a priority
queue has the queueish property if the amortized time to insert is O(1) and
the amortized time to extract-min z is O(lg ¢(z)) where ¢(z) is the number of
items that have been in the priority queue longer than z. A similar definition for
the working set property can be made. It has been shown that pairing heaps, a
form of self-adjusting heap, have the working set property [9]. In section 2, we
describe a priority queue data structure with the queueish property, which we
call the queap. Queaps might prove useful in some situations. For example if a
queap is used for sorting an array, the running time will be O(nlg(I/n)) where I
is the number of inversions in the array to sort. More generally, queaps could be
advantageous for implementing discrete event simulations such as future event
set algorithms. In such algorithms, one wishes to simulate some complex sys-
tem, such as the replacement of broken light bulbs in a building. The algorithm
maintains a list of future events (e.g. the breaking time of every currently used
light bulb), and at every step extracts the next occurring event in the list (e.g.
the first light bulb to break), processes the event (replace the light bulb) and
inserts some eventual new events (the time at which the newly replaced light
bulb breaks), according to some probability distribution. If the distribution is
such that the new events are inserted within the k last occurring events in the
list (deterministically or on average), then finding the next event will only re-
quire O(lg k) amortized time (deterministically or on average) for a queap, while
insertions will take worst case and amortized constant time. For a survey on
discrete event simulation, see, for example, [5, Chapter XIV.5].

The paper proceeds as follows: Section 2 provides a description of queaps, and
Section 3 provides the analysis of queaps. A general transformation that turns
many data structures into a queueish one with an additional cost of O(lglgn)
per operation is found in Section 4. Section 5 provides the proof that no standard
binary search tree structure can be queueish.

2 Queaps

Our data structure supports the operations:

New(Q): Creates a new empty queap.

Insert(Q,z): inserts element x into Q.

Minimum/(Q): returns a pointer to the element in @ whose key is minimum.

Delete(Q, z): deletes element z from Q.

Delete_Min(Q): returns a pointer to the element in () whose key is minimum,
and removes that element from Q.

With both delete operations running in amortized O(lg ¢(x)) time for an ele-
ment z and all other operations running in worst case (and amortized) constant
time.



Consider the list x4, .. ., z, of elements currently in the data structure, in the
order in which they were inserted. These elements will be split into two groups:

The old set z1,...,x and the new set zg41,...,2, for some k, 1 <k < n.
The old set will be stored in the leaves of a (2,4)-tree T, from left to right
in the order z1,...,x, preceded by a dummy leaf zo with infinite key value. A

(2,4)-tree is a balanced tree structure in which all internal nodes have degree
between 2 and 4, and all leaves have same depth [8,13]. In such trees, insertions
and deletions of leaves can be performed in amortized constant time per oper-
ation. Note that we are using the structural properties of (2,4)-trees, and we
are not using them as binary search trees. Each internal node v of T contains
hy, a pointer to the leaf with the minimum key value in its subtree (denoted
T,). Furthermore, with each node v on the path from the root to the leftmost
leaf will be stored the pointer ¢, to the leaf with the smallest key in 7" — T,.
For these nodes, the value h, will not be maintained. We also keep a pointer to
the leftmost leaf z¢ in 7. Note that c,, contains a pointer to the leaf with the
minimum key value in T'.

The new keys zg41,...,x, will be stored in a linked list L in that order, and
a pointer to the element with minimum key value in L will be kept in a variable
minL. Here is a description of the operations:

New(Q): Create a new empty tree T' and list L. k < 0, n « 0.

Insert(Q,x): Insert z to the right of L, update minL. n < n + 1.

Minimum/(Q): If key(minL) < key(cy,), return minL else return c,,.

Delete(Q,z): If © € L, insert all the elements of L in T and L becomes empty,
update h, for all nodes v whose children are new or have been modified, up
to the root of T'. Walk down from the root to zg, updating the ¢, values.
k< n.
Delete x from 7', walk in T" on the path from z to xg, correcting h, values,
and then ¢, values. n < n—1, k+ k — 1.

Delete_Min(Q): min < Minimum(Q). Delete(Q), min). Return min.

3 Running time analysis

We will analyze the amortized cost of the operations using the potential method.
The potential function for a queap @ = (T, L) will be ¢(Q) = ¢|L| for some con-
stant ¢ to be specified later. If the actual cost of an operation is ¢, the amortized
cost for that operation is defined to be = t + ¢(Q') — #(Q) where @ and Q'
correspond to the data structure before and after the operation, respectively.
Since ¢(Q)) > 0 for any @, and is zero for an empty data structure @}, we know
that the total amortized cost of any sequence of operations is an upper bound
on the actual cost of that sequence.

Note that we are using (2,4)-trees, a data structure whose cost is already
amortized, as a substructure. In the following analysis, we will use the amortized
costs for insertions and deletions on those trees. This would be equivalent to
using the actual costs of these operations and adding the potential function



of the (2,4)-trees to our ¢(Q). We now describe the amortized cost for each
operation.

Insert(Q),z): The actual cost of this operation is O(1). Since the size of the list
L grows by one, the potential increases by ¢, which is a constant, and so the
amortized cost of this operation is O(1) + ¢ = O(1).

Minimum/(Q): This operation doesn’t modify the data structure, so its amor-
tized cost is equal to its actual cost, O(1).

Delete(Q,z): If the deleted leaf is in T', then the cost of the delete operation
in the tree is O(1). We then still have to correct the h, and ¢, pointers on
the path from z to xg. Let r be the highest node on that path. If r is &
levels above the leaves, then the subtree of the left child of r contains at
least 2¥~! leaves, all of which have been inserted before z. Thus q(z) > 2*~!
and k = O(lgq(z)) and so is the cost of this operation. Since this doesn’t
modify the potential function, the amortized cost is also O(lg g(z)).

If z € L, we first need to insert all the elements of L in the tree T'. This has
a cost of a|L| for some constant a (amortized over (2,4)-tree operations).
Once these insertions are done, the update of the h, and ¢, pointers for all
nodes that are new or have been structurally modified is certainly no more
than the very cost of the insertions, and so the total time spent so far is
bounded by 2al|L|.

At this point, if the root of T has not been modified, we still need to continue
correcting h, values for nodes v whose children’s i values have been modified,
up to the root of T'. This costs at most O(lg|T'|). We now walk from the root
of T down to g, correcting ¢, values, for a cost of O(lg|T'|). The total spent
so far is now no more than 2a|L| + O(lg|T|), but note that if z was in L,
then all elements in T have been inserted before x and ¢(z) > |T|. So we
have spent 2a|L| + O(lgq(x)) and have caused a drop in potential of ¢|L]
since all elements of the list have been removed from it. So if ¢ > 2a, the
amortized cost for merging T and L is O(lgg(x)). We still have to delete x
from the updated tree, but this can be done in O(lg ¢(z)) as seen above.

Delete_Min(Q): The amortized cost of this operation is just the sum of the
costs of the operations it uses, i.e. O(lgg¢(x)).

4 Weakly queueish data structures

We here present a simple scheme to transform data structures for searching
problems into an amortized queuish equivalent with an additive O(loglogn)
access cost. A searching problem consists of maintaining a set A of objects with
respect to some binary relation Oz, a]. A query Q(x, A) will return some object
a € A for which Oz, a] is true, if such an object exists. For ease of notation we
will write g(z) for q(a) if a is the object returned by Q(z, A). It is assumed that
the O operator is computable in O(1) time.



Theorem 1. Let D(A) be a data structure for solving a searching problem with
query operation Q) on a set A with n elements. If D(B') for any B' C B, |B| =
O(|B'?) can be constructed in O(|B'|) time given D(B), and supports O(lg|B'|)
query times, then D(A) can be transformed into a data structure supporting
O(lgq(z) +1glgn) amortized query times.

Proof. The data structure consists of a series of data structures D1, D, ..., Dy
and a series of queues Q1,Qs, ..., Q. The concatenation of all these queues con-
tains all the elements in increasing order of the last access times on these el-
ements, i.e. (J; contains the least recently accessed items and ) contains the
most recently accessed items. The queues are implemented as doubly linked lists,
and we will refer to the most recently accessed items in ); as being in the head
of Q;, and to its least recently accessed items as being in the tail of @Q;.

All elements of Q1 U Q2 U ...U Q; are present in D; but D; might contain
some extra elements. Pointers are maintained between each element in D; and
its corresponding element in one of the queues even if that queue is not Q;.
Every element in @); contains the number i of the queue it is in. For i < k,
21 < Q;| < 23, Dy, will contain all the elements present in the whole
data structure, and k = |[lglgn]. This will ensure that |Qy| > 22" =1 Let
m; = 23 — |Q;]. For this data structure we will use the potential function

k—1
¢=cy mi(llglgn] —i)

i=1

At creation, |Q;| = 2(?") for all i < k, and so ¢ = 0. Every time an element
x is looked up, we query it sequentially in Dy, Do, ... until it is found in D;. We
then know the queue @); that contains z and j > i. Remove x from (); and insert
it in the head of Q. The actual cost of this operation is O(2!) = O(lg q(z)),
and the increase in potential is ¢(|lglgn] — j), so the amortized cost so far is
O(lgq(x) +1glgn), but |@;| might have just become too small. If that happens,
we remove r = 22') —|Q;| > 22~ elements from the tail of Q41 to insert
them at the head of @);, and we reconstruct D; from ULIQZ. The actual cost of
this operation is no more than ar for some constant a. But the potential has now
decreased by cr(|lglgn]—j) for structure j and increased by er(|lglgn|—(j+1))
for structure j + 1, and so altogether, it has decreased by cr. So if ¢ > a, this
reconstructing operation has a null amortized cost. We now might still have to
reconstruct the structure j + 1 and so on, but all this is also done for free, and
so the amortized query time for  is O(lg ¢(z) + lglgn). a

Note that if the original data structure allows O(1) time deletions when supplied
with a pointer to the element (e.g. marking the deleted elements), then the
transformed data structure could support amortized O(lglgn) time deletions by
simultaneously deleting elements from all D; whenever they are deleted from
the structure, and reconstructing the structure whenever some constant fraction
of the elements have been deleted. If insertions are supported in the original
data structure, they can be supported in the transformed structure with the



same amortized times by always inserting in Dy and rebuilding the structure
whenever n grows by some constant factor.

Corollary 1. Given a totally ordered set A of n elements, it is possible to main-
tain them in a dictionnary data structure supporting O(lgq(z) + lglgn) query
times to access element x € A.

Proof. Let D(A) be an array keeping the elements of A in sorted order. Given
D(B) and a set B’ C B, the elements of B’ given as unordered indices in D(B)
and |B| = O(|B'|?), it is possible to construct D(B’) in O(|B’|) time using radix
sorting. a

Corollary 2. Given a set of n disjoint triangles in R2, it is possible to maintain
them in a point location data structure so that given a point p € R, the triangle
A containing p, if it exists, can be found in O(lgq(A) +1glgn).

Proof. The data structure D(A) for a set A of triangles will be the combination
of the point location data structure of Kirkpatrick [12], and an array containing
the vertices of the triangles in A in sorted order of their  coordinate. Given D(B)
and a set B’ C B, and |B| = O(|B’|?), it is possible as in the previous corollary
to reconstruct the sorted array of vertices for D(B'). Then, knowing the sorted
order of the vertices for B’, the point-location data structure of Kirkpatrick can
be constructed in O(|B’|) time. o

It is interesting to note that no data structure is known that approaches the
working set running times for a point location data structure.

5 No queueish binary search trees

In this section we show that no dictionary implemented as a standard binary
search tree structure can be queueish. By a standard binary search tree, we mean
one that can traverse one edge in the tree or perform one rotation in unit cost.
More precisely, we will consider an initial binary search tree Tj containing n
elements and a sequence s of nodes of Ty, and denote by x(s,Tp) the minimum
cost of accessing the nodes in the sequence s, starting from the tree Ty, where
the cost for traversing an edge and the cost for performing a rotation in the tree
is 1. We can assume without loss of generality that the nodes in Tj are indexed
in symmetric order by integers from 1 to n. Wilber [18] proves:

Theorem 2 (Wilber [18]). There ezists a sequence s* of n distinct key val-
ues such that for any initial search tree Ty containing n elements, x(s*,Tp) =
N(nlgn).

Or in other words, the amortized cost per operation for sequence s* on any
standard binary search tree structure is {2(lgn). To strengthen the statement of
our theorem, we introduce a weaker version of the queueish property: a dictio-
nnary data structure is said to be weakly queueish if a search to item x runs in
amortized time O(lg ¢(x)) + o(lgn). We can now prove our theorem:



Theorem 3. No standard binary search tree structure can be queueish or even
weakly queueish.

Proof. Let § be the sequence formed by repeating the sequence s* lgn times.
By Wilber’s theorem, x(5,7y) = 2(n(lgn)?) for any Tp. On the other hand,
any queueish or weakly queueish dictionnary data structure will run the first
occurence of s* in O(nlgn) since g(z) < n by definition, and for the remainder
of the sequence, ¢(x) = 0 and so the total cost for accessing the sequence §
on a queueish data structure would be O(nlgn), and o(n(lgn)?) on a weakly
queueish data structure. This implies that a queueish or even a weakly queueish
dictionnary data structure cannot be implemented as a binary search tree. 0O

For example, this theorem implies that the data structure presented in the
previous section, which is weakly queueish, could not be implemented as a binary
search tree and keep the same running times.
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