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O(logd(g; 1;G)) runtime, or any bound that is o(log n).
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1 Intro duction

Distribution-sensitive data structures have running times that can be ex-
pressedas a function of somedistributional measureof the sequenceof op-
erations performed on the structure. Sud structures can exploit sequences
of operationsthat exhibit somedesirablebehavior. Becausereal-world access
sequenceare rarely uniformly random, if our structures are optimized to per-
form better on the typesof distributions likely to be found in a given applica-
tion, we can obtain running times that are fasterthan standard (distribution-
insensitive) data structures.

Distribution-sensitiv. e dictionaries. Distribution-sensitive structures are
well-studied for the dictionary problem: maintain a collection of key-value
pairs subject to queriesfor the value assaiated with a given key. For this
problem, two major types of distributions have been studied: proximity and
working sets.

The rst type of distribution, proximity or locality of reference, is whereitems
are morelikely to be accessedsearded) if they are close,in terms of rank, to
the previousaccessThe level-linked treesof Brown and Tarjan [1], splay trees
of Sleatorand Tarjan [2{4], and the uni ed structure of lacono[5] all achieve
O(logjr(g) i r(g; 1)j) query time, whereq is the ith accesseclemen, and
r(qg) is the rank of elemen g (the number of elemens lessthan or equalto
it in the dictionary). This is called the dynamic nger property.

The secondtype of distribution, working sets is whereitems are more likely
to be accessedf they have beenaccessedecerily. Data structures with the
working-setproperty can accessan elemen in time logarithmic in the num-
ber of distinct accessesincethe last time that elemen was accessedSplay
trees [2], the working-set structure [5], and the uni ed structure [5] are all
dictionaries with the working-set property.

The uni ed property [5] integratesthe dynamic nger and working-set prop-
erties into one, by saying that an accesss fast if it is close(in rank) to an
item that wasaccessedecerly. Splay treesare conjecturedto have this prop-
erty, but sofar only the (complicated and impractical) uni ed structure [5] is
known to have it.

Other distribution-sensitiv e structures. While distribution sensitivity in
dictionaries is well-studied, there are relatively few results for other types of
data structures. One sud result, by lacono [6], is that the pairing heapsof
Fredman et al. [7] have a working-set-like property for priority queues.

In computational geometry there are se\eral similar results pertaining to the
problem of planar point location. The three papers[8{10] all presen roughly



the sameresult: Giventhe accesgprobability of ead region of a triangulation

(assumedto be independen), it is possibleto createa data structure whose
expected seart time is the entropy of that probability distribution. Sud a
result is analogousto the one-dimensionaktructures known asoptimal search
trees (Knuth [11]), which date bad to 1971.In cortrast, splay trees,and in

fact any structure with the working-set property, have the sameamortized
asymptotic runtime as optimal seart trees [6], without having to know the
accesgprobabilities. Another result, by Goodrich, Orletsky, and Ramaiyer [12],
usessplay treesto obtain working-set properties for point location in a tri-

angulation. However, the running times of this structure are relative not to

the user-sgeci ed subdivision, but to one generatedby the algorithm. Thus
the state of the art in distribution-sensitive point location is equivalert to the
results for one-dimensionalbpoint location obtained thirt y yearsago.

Our results. In this paper, we preser results for the planar point searching

return the index j of a point p; sud that p; = ¢, or it must indicate that
no sudh point exists. Our data structure works in the real-RAM model of
computation, and lower bounds are valid in the algebraic computation tree
model. In other modelssuc asthe word-RAM model, queriescantrivially be
performedin constart time using perfect hashingsdemes(e.g. [14]).

We can easily solve a point-seardiing query in O(logn) time by reducingthe
problemto onedimensionand using a standard balancedseard tree. Our goal
is to obtain a dynamic- nger type distribution-sensitive data structure, where
a query is fast if it is geometrically closeto the previous successfubjuery.

Recallthat, in onedimension,we canobtain a querytime that is logarithmic in
the di®erencen rank betweenthe query point and the previouspoint. Unfor-
tunately, the notion of di®erencen rank doesnot have a clear generalization
to higher dimensions.In onedimension,the di®erencdn rank betweenpoints
x and y measureghe number of points in the one-dimensionalegionbetween
x andy. In two dimensionswe would like to have a similar point-counting dis-
tance function, wherethe distancebetweenx andy is the number of points in
sometwo-dimensionalregion cortaining both x andy. Sud a region-munting
distanee function provides a bridge betweenthe geometric distance between
two points and the combinatorial complexity of the point set. In Section 2,
we discussproperties of region-couting distancefunctions. In particular, we
introduce the "xed-triangle distance function, and shav that many desirable
region-coutting distancefunctions can be reducedto this one.

In Section 3, we presert our data structure that executes queries in
O(logd(g; 1;)) time wheredisa xed-triangle distancefunction. Thuswe ob-



tain adynamic- ngertyperesultin 2D. Our data structure requiresO(n logn)
spaceand can be constructedin O(n?logn) time. The data structure is based
on the idea of jump pointers and can be seenas a multidimensional gener-
alization of deterministic skip lists [15,16].In our structure, ead data point
stores O(logn) pointers to other points spacedat geometrically increasing
ranks away. A seart can be performedby greedily choosingthe best pointer
to follow. The details of selectingthe speci ¢ destinationsof the jump pointers
is presentied in Section4.

2 Distance Functions

In this section we descrike seweral de nitions of a 2-dimensional distance
function, with the goal of creating one that is a reasonablegeneralization
of the one-dimensionalrank-di®erencefunction. In an attempt to do so, we
restrict oursehesto functions which involve courting the number of points
inside sometwo-dimensionalshape that cortains x and y. A static point set

We focus on one natural category of sud functions, which we call region-
counting distancefunctions. A region-couning distancefunction is de ned by
atriple r = (a;b;S) wherea and b are points and S is a region of the plane
sud that inclusionin S canbe computedin O(1) time. The distancefunction
using the region-couning triple r, d,(x;y), is de ned as follows: if r(x;y) is
the shape obtained by translating, rotating, and uniformly scalingS sothat a
mapsto x and bmapsto y, then d; (x; y) is the number of points in P\ r(x;y).

We placetwo restrictions on region-courting distance functions. The rst re-
quiremert, which we call monotonicity, is that if x, y, and z appear in that
order on aline, then d(x; y) - d(x; z). This requiremen stemsfrom the intu-
itiv e idea that, asone point movesaway from another, their distance should
not decreaseThe secondrequiremer, which we call sanity, is that neighbor-
hoods have polynomial size:jfy 2 P j d(x;y) < kgj - k°®. This requiremert
arisesdirectly from our goal of a O(logd(x;y)) query time, becauseany al-
gebraic decisiontree query algorithm cannot seart among more than k°®
di®eren resultsin O(logk) time.

One requiremernt we do not imposeis symmetry, that d(x;y) = d(y;x) for
all x; y. While symmetric distance functions are intuitiv ely pleasing,we show
below that for every symmetric distancefunction, there is a better asymmet-
ric distance function (better meaning all possibledistancesare not larger).
Howewer, the corverseis not true. Thus, surprisingly, asymmetric distance
functions appear to be the natural choice. The distancefunctions alsodo not
needto satisfy the triangle inequality, and so are not metrics.



£ h

Fig. 1. The distance func-
tion de ned by this seem-
ingly reasonableshape is
not sane.

<

Fig. 4. The sector dis-
tance function is saneand
monotone, but is not a
target distance because
there is no circle about b
that is in the region. Any
sane and monotone dis-
tance function has a sec-
tor as a subset of its re-
gion.

Fig. 2. The distance func-
tion de ned by this shape
is a target distance.

Fig. 5. This gure
illustrates how the
~xed-triangle distance
drs(a;b) is calculated.
The dotted lines are the
6-star from a and the
solid lines indicate the
triangle Tg(a;b).

Fig. 3. By the monotonic-
ity requiremert, any tar-
getshape hasanicecream
cone shaped subset.

Fig. 6. The un-
“xed-triangle distance
dut (a;b) is de ned by
this shape UTg(a;b)
which corntains T(a;b)
for any orientation of the
plane.

With the two requiremerts of monotonicity and sanity in hand, we can narrow
down the allowable region-courting triples r = (a;b;S). In order to meetthe
monotonicity requiremen, the shape S must be star-shaped with a in the
kernel. For simplicity, we further require that S be a nite union of closed
bounded corvex shapes. In particular, this rules out sets S with a fractal
or unboundedboundary. Distance functions with this property will be called
simple We say the distance functionis axis-symmetric if the line through a
and b is a symmetry axis for S.

One particular distancefunction, the ®-sector distance,is of particular inter-
est. Its region S is de ned as a closedsector (pie wedge)of angle ®, apex at
a, and with b at the certer of the arc (seeFigure 4). We shaw that this is the
minimal simple axis-symmetricregion-courting distance.

Lemma 1 An axis-symmetric simple monotone region-counting distanae
function de ned by a triple (a;b;S) is saneif and only if there existsan ®> 0
suchthat S contains an ®-sector.



Pro of: Let C be the circle certered at a and with radius point b. Suppose
S doesnot cortain any ®-sector. Then becauseS is star-shaped, there must
exist an arc of positive length © (measuredin radians) and cortaining b, whose
intersectionwith S is either empty or cortains only the point b.

nates(i° =2n; 1), plus onepoint o at the origin. Note that sinceall n points in
P are corntained in an arc of length ° =2, the regionsS movedto o and p; does
not cortain any points exceptmaybe for o and p;, and so all points in P are
at distanceat most 2 from o and this distancefunction is not sane.

Conversely if S doescorntain an ®-sector, then supposewe have k points at
a distance- d from somepoint o. Draw an ®-sectorfor eat of them. Each
sectorcorntains at most d points. Perform the following stepsrepeatedly:

(1) Find the sectorwith the largestradius.
(2) Remove all points it cortains and the correspnding sectors.

We prove that thesestepsare repeatedat most 8¥=®times. The boundary of
a sectoris composedof a left side,a right side,and an arc. The largestsector
either

A. Doesnot intersectany larger deletedsector.
B. Intersectslarger deletedsectorsonly on oneside.
C. Intersectslarger deletedsectorson both sides.

In CaseA, we remove all points within an angle® around o. This canonly be
done 2¥/=®times. In CaseB, the point p that de nesthe sectorbeing deleted
hasa larger sectors that wasremoved earlier, say to its right. Sincep didn't

get deletedwhenwe removed s, p is not in s and sothe whole left half of the
sectorof p doesn't overlap with any previously deleted sectors.Sowe remove
all points within an angle®=2 around o, which can only be done 4/=®times.
In CaseC, the sectorwe remove is surroundedby two large sectors(of angle
®) on both sides,thusin step 2, we remove all points in a small gap between
conesof angle®. This can only be done 2¥#®times. Thus, k - 8dYF® 2

Our data structure appliesto a classof region-courning distance functions
which we call targetdistanees The triple r = (a;b;S) de ning atarget distance
must satisfy three properties:a and barein S, S is star-shaped with a in the
kernel, and S cortains a disk of someradius z > O certered at b. The last
requiremern is slightly strongerthan what is necessaryfor sanity.

Our data structure works directly with a special distance function, which we
call a xed-triangle distanee, that is not a region-couning distancefunction in
the strict sensale ned above, but hasthe property that for any target distance



function d there is a “xed-triangle distance function d° sud that d(x;y) .
d¥x; y) for all x andy. Thus, becauseour structure supports any xed-triangle
distance,it can be modi ed to support any target distancefunction.

Given any constart k | 3, the xed-triangle distance function dr, (X;y) is
computedasfollows. De ne the k-star of x to bethe shape formedby k equally
angularly spacedrays radiating from x, with oneray pointing horizortally to
the right. Let Ty(x;y) be the smallestisosceledriangle containing y, having
one vertex at x, and whosetwo idertical sidesare line segmeks from the
k-star of x. (In the ambiguous casethat y lies on the k-star, we arbitrarily
choose Tx(X;y) to be the clockwise-mostsud triangle.) We now de ne the
“xed-triangle distancedr, (X; y) to be the number of points in S that are in
the triangle Ty (X;y).

We also de ne the un xed-triangle region-coutiing distance. Given points a
and b, let ¢ ; and ¢ , be the two isosceledriangles with verticesa and b and
angle 2=k at a, where ¢ ; is to the left of the ray aband ¢ , to its right. Let
D, and D, be the disks circumscribed to ¢ ; and ¢ , and let C be the cone
of angle 4¥#k with apex at a and symmetry axis ab and cortaining b. The
un xed-triangle distanceis de ned asUT, = (a;b;(D.[ D))\ C).

Lemma 2 For anyk, 4, andany two points x andy, dr, (X;y) - dut, (X;Y).

Pro of: Considerthe xed triangle Ty(x;y) with vertices x, p; and p, and
assumep; is to the left of the ray xy and p, to its right. Becausethe angle
at p; is¥&=2j Y=k, p; is on the boundary of D; and so the triangle xyp; is
contained in D;. Likewise,the triangle xyp, is contained in D,. Furthermore,
Tk(X;y) is contained in C which completesthe proof. 2

Interestingly, any target region with target radius at least d,(a;b) tan (2¥&Kk)
(whered, is the Euclideandistance) cortains the un xed-triangle region UTy.
Sowe have:

Corollary 1 Given any target distance function d,, r = (a;b;S), there is a
“xed-triangle distance function dr, suchthat d.(x;y) , dr (X;y) for any x
andy.

3 The Structure

parameter k in the xed-triangle distance function that is to be used. We
de ne the discrete direction £( x;y) of aray from x to y to be b\ (x; y)k=2v¢,
where\ (x;y) is the absoluteangle of the ray from x to y, that is, the angle



of the ray from the horizontal (1;0) direction (in radians).

ture to be usedfor a particular query will be S, ,.4). Thus, eah struc-
ture S; handlestravel in a direction with absolute angle between 2%i=k and
2Y(i + 1)=k. Structure S; viewsthe point setas scalednon-uniformly so that
the actual angle betweenabsoluteangles2¥i=k and 2%{i + 1)=k becomes/=3
(60 degrees)i.e., the scaling,by a factor 2sin(¥#k), takesplacealongthe line
that bisectsthe anglebetweendiscreteanglei and discreteanglei + 1). Thus,
if £(x;y) = i, thendr,(x;y) in the S structure equalsdr, (X; y) in the original
point set. With this obsenation, we can produce one structure using the dr,

This will simulate the dy, distancefunction of the original point set. The dr,
distancefunction is appealing becausethe isoscelegriangles becomeequilat-
eral.

The data structure for the dy, distance function consistsof the n points,
ead of which is augmerned with a list of O(logn) pointers to other points.
These pointers, which need not be distinct, are organizedaccordingto two
parameters:depth and direction. We denoteby p;i(r; 1) the setof O(1) pointers
at depthsr and direction p assaiated with point p;. The direction pis in the
range0:::5 and the depth r is in the range0::: dog,_, ne. Both r and p are
discretevalues.

The data structure also storesthe description of a triangle, ¢(p;;r; 1), with
ead setof pointers pi(r; ). In general,the triangle at direction pand distance
r from x, denoted¢(X; r; 1), is the largestisosceledriangle with a vertex at x,
whoseequal sideslie along rays emanating from x at absolute angles2¥%=k
and 2¥{pu+ 1)=k, and that cortains at most (3=2)" points in S.

A crucial property of the data structure is that, for any point x 2 ¢(pi;r; 1),
there is a data point p; pointed to by pi(r; 1) and a WO sud that x 2 ¢(p;;r i
1; 9. Intuitiv ely, the point p; seresasa steppingstoneon the way from p; to
x by which the depth r decreasesWe alsorequirethat ¢(pi;0; 1) = fpig. The
pointers in pi(r; ) point to 7 carefully selectedpoints descrited in the next
section.

Givena pointer to the previoussuccessfufjuery point in the structure, p;, and
the coordinates of the current query point, x, the seart proceedsas follows:

() Initialize p, the direction of seard, to £( p;; X).

(2) Initialize r, the depth of seard, to 0.

(3) While x isnot in ¢(pi;r; 1), incremert r.

(4) Initialize j, the index of the currently visited point, to i.
(5) While r > O:



(a) Seard for a point pjo in p;(r; ) and a discrete angle 1 (between0 and 5)
sud that x isin ¢(pjo;rij 1 19, by trying all such points pjo and discrete
anglesC

(b) Setj toj°

(c) Setpto W

(d) Decremert r.

(6) If x = pj, return j; otherwise, the query is unsuccessful.

The time bound and correctnessof the algorithm can be argued as follows.
The while loop of Step 3 terminates with r setto preciselydog,., dr, (pi; X)e.

Thus, becausethe seard of Step 5(a) examinesO(1) possibilities and hence
takesO(1) time, the total running time is O(log dr, (pi; x)). Now all we must
shaw is that the return value is correct. The invariant throughout the while
loop of Step 5 is that d(p;;x) - (3=2)". The crucial property for the data
structure described above guararteesthat thereis a jump pointer that reduces
the distance (measuredby the xed-triangle distance function) to the query
point by a factor (2=3). This resultsin p; corvergingto the point in P with

the samecoordinatesasx, if sud a point exists.

4 Point Selection

In this sectionwe descrike how the 7 points in p;(r; 1) are chosen.Recallthat
J(pisr; W) is an equilateral triangle emanating from p; at direction p with at
most (3=2)" points. Wede ne “¢) = ¢\ P to bethe setof points in P insidea
triangle ¢. The goalof this sectionisto nd at most 7 points from “¢(p;; r; 1)

to bein pi(r; ) sud that [ pop, it o:sgc(PiF i LA) T Ye(pi;ri 1)

We de ne the three triangles ¢ (pi;r; W) ::: éa(pi; r; W) as follows: The triangle
a(pisri W) is é(pisri L 1. The triangles & (pisr; W) and é(pi;r; 1) are the two
equilateral triangles cortaining (3=2)" ! points (or lessif there are not enough
points), contained in ¢(pi;r;H), and rooted at the two vertices of ¢(p;;r; 1)
other than p;. Eadh of thesethree triangles cortains two thirds of the points
in ¢(pi;r; ) and sothey must also contain the certerpoint of the points in
piir; . (The centerpoint of a setis a point sud that any halfplane con-
taining it contains at leastonethird of the set. Such a point always exists; see
e.g.[17, pp. 63{66].) Thusthe three triangles have a commonintersectionand
they cover ¢(pi; r; ).

The triangles ¢1(pi;r; W) i éa(pi;r; W have the following two properties:
Prop erty 1 The union of éi(pi;ril) i éa(pisri 1) is &(pisr; W)

Prop erty 2 Eachof ¢i(pi;r; ) ::: éa(pi;r; 1) contains at most(3=2)" * points.



Givenatriangle ¢, we de ne g(¢) to be a setof at most three points cortaining
one of the closestpoints to ead edgeof ¢.

We can now de ne the points in p;(r; 1) to be the point p; and the up to six
points in e(é(pi; r; W) and e(éa(pi; i 1)

Lemma 3 [ axo.sg”é(Pisri 1 A)) 1 Yea(pisr; W)

By setting A = p and noting that ¢(pi;ri LM = é(pi;r; 1) completesthe
proof.

Lemma 4 For any equilateral triangle ¢° in which one edge is horizontal,
containing at most (3=2)" * points, [ p2e(:9:A2f 0::5g¢(P;F i 1; A T 4.

Pro of: We st de ne a newtriangle ¢, by shrinking the triangle ¢° by moving
its edgesnward while preservingtheir anglesuntil all three edgeshave at least
one point of (¢) on them. We may now work with ¢, instead of ¢° since by
construction there are no points in the region ¢ ¢.

If there are only oneor two points in &(¢), then the lemmatrivially holdssince
one of those points must be a vertex of ¢ Thus we considerthe casewhere
je(¢)] = 3. We label thesethree points a, b and ¢ in counter-clockwise order
and visualize them as being on the bottom, right, and left side of equilateral
triangle. The proof breaksinto seweral casesFigure 7 illustrates the notation
we useto erumerate thesecasesEad of the three points is categorizedas|,
m or r, depending on which third of the side of the triangle it lies in. Note
that if a point lies on the boundary betweentwo categoriesjt canbe classi ed
either way and the proof will remain valid.

I
3 \%/5
| m r
a

Fig. 7. Notation. Fig. 8. Discrete anglesin dr,.

We provide a proof for four represemative con gurations of the points, all
other con gurations can be solved though symmetry or relabeling a, b and c.
The exact mapping of all of the possiblecon gurations to casesin the proof

10



a b c casela b c casela b <c case
[ 1 {m | | 4 |r | | 2
I I m 4 | m | m 4 |r | m 2
I or 2 'm | r 4 |r | r 2
I m | 4 'm m | 4 |'r m | 4
I m m 4 m m m 3 |[r m m 4
I m r 2 'm m r 4 |r m r 4
Fr 2 'm r | 2 jr r | 2
Il r m 4 |m r m 4 |r r m 4
I r r 2 'm r r 4 |r r r 1

Table 1
All possiblecon gurations and their mapping to casesin the proof of Lemma 4.

is givenin Table 1.

Case 1. In this caseall three points are in the | regions,or all three points
are in the r regions.We considerthe casewherea, b and c are in | regions.
Figure 9 shavs that a is in region|. The three shadedareasemanating from
a represen the smallestsize of the trianglesin ¢(a;r j 1;1) for three values
of . We know that thesethree triangles extend at least all the way the the
edgeof ¢ since¢ only has(3=2)" ! points. No assumptionscan be madeabout
extending the small triangles beyond the border of ¢, sincewe can not make
any assumptionsabout the distribution of points outside of ¢. The proof holds
if and only if ¢ may be covered with the small triangles that emanatefrom
a, b, and c and stop when they encourter the edgeof ¢. From the diagram,
it can be concludedthat no matter what the position of a is in the | region,
[ A2f omsge(@;r i 1 A) covers regions 3, 4, 5, and 8. We will state this as a
covers 3, 4, 5, and 8. The samereasoning,when applied to b and c in the |
regionyields the fact that b covers6, 7, 8, and 9 and c covers 1, 2, 3, and 6.
Thus a, b and c cover all numberedregions.

Case 2. In this case,two of the three points a, b and c arein the | and r
regionsincidert to oneof the three verticesof the largetriangle. For example,
b could be in regionr and c¢ could be in region|. We also assumethat c is
closerto their commonvertex than b; other casesare handled symmetrically.
In Figure 11, we have shadedareasthat must be coveredby b. In Figure 12,
we have shadedthe areathat must be coveredby c. The union of theseshaded
areascovers ..

Case 3. In this case,all three points are in the m region. In Figure 10, the
point aisin the left half of the m region. In this casea coversl, 2, 3, 4, and 5.
The samewill happen due to symmetry if a in the right half of the m region.

11



6 7
y /\ /
/\X 3\*/5 M‘ A
a a
Fig. 9. Point ais in the | region. Fig. 10. Point a is in the m region.

| |
1 1
0.5 0.5

Fig. 11. Case2, region covered by b. Fig. 12. Case?2, region covered by c.

Using the samelogic when b and c are alsoin the m region, b covers4, 5, 7,
8,and 9 and c covers 1, 2, 6, 7, and 9. Thus all regionsare coveredand their
union is ¢,.

Case 4. In this case,oneof the points is in the m regionand one of the other
points isin an | or r regionclosestto the rst point. For example,a could be
in the m regionand b in the | region. Then accordingto Figure 10, a covers
1, 2, 3, 4, and 5, while accordingto Figure 9, suitably rotated, b covers6, 7,
8, and 9. Thus all regionsare coveredand their union is ¢..

This concludesthe proof of the lemma. 2

We now may prove the main result of this section,that the 7 selectedpoints
have the properties neededto cortinue the seard:

Theorem 2 Whenpi(r;W) = fpig[ e(ca(pisrs W) [ e(ea(pisri W),
[ p2pi(rshar o:isg¥8(PsT i LA) T é(pisri W) and jpi(r;wj - 7.

12



Pro of: The sizeconstrairt is easily met sincethe function e yields a set of at
most 3 points. From Property 2:

Aalpirw) [ Yee(pir) [ Aa(pir ) = Yelpir W)

From Lemma3:

[ p2f pi g;A2f O:::Sgl/écla(p;r i 1 A)) T Yeéa(pisr; W)

From Lemma4:
[ p2e(é2(pi;r;KW) ;u2f 0:::59C(p;r i 1; U) ﬂ l/éC'Z(pi; r “))

[ p2e(éa(pisr;H) ;p2f 0:::596(p;r i 1 U) 1 l/éCB(pl, r |J))

Combining all of the above assertionsprovesthe theorem. 2

5 Conclusion

This paper preserts a rst step towards the dewvelopmen of geometric data
structures with properties similar to the dynamic nger property of dictio-
nary data structures. One major obstacleencourered is that most intuitiv e
distance functions are not sane,that is, would not allow fast data structures
in the algebraic decisiontree model of computation. For example, the edge
crossingdistancein the Delauna triangulation of the point set would seem
desirable, but sets of points can be constructed where some point is at a
distancek from 2¢ other points, and henceany query algorithm will require
-( k) = -(log n) time on average.

Many questionsremain open. Besidesthe distance functions supported by

our structure, one that would seemvery natural is the sector distance (see
Figure 4), and it would be interesting to seewhether our data structure can
be adaptedto sud a distancefunction. Generalizationsto higher dimensions
should also be investigated. We hope that our techniquescan be extendedto

the more generalproblemsof nding the closestneighbor of a query point, or

performing point location in a setof regions.A rst solution to the proximate

point location problem using distance functions similar to the onesdescriked
in this article has beenproposedrecerily [18]. Our data structure naturally

bearssomeresserlancewith other multidimensional generalizationsof skip

lists such asthe randomizedneighborhood graphs[19].1t would be interesting
to exploretheseconnectionsto seeif the qualities of the two structures could

be conmbined.
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